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ABSTRACT. Given a finite transitive group G < Sym(f2), the derangement graph I'g
is the graph whose vertex set is GG, and two vertices g and h are adjacent if the ratio
h~lg is a fixed-point-free permutation. In this paper, we show that the automorphism
group of the derangement graph of the transitive permutation group corresponding to
the natural action of PGLy(¢) on the projective line PGy(q) is

Aut(Tpar,(g) = (LpcLa(g) X RBrcrs@) ¥ () X Yaut®,)) »

where Lpgr, (q) is the left-regular representation of PGL2(q), Rpar,(q) is the right-regular
representation of PGLa(q), vau(r,) i3 the group of conjugation by elements of Aut(F,),
and v : PGLy(q) — PGLy(q) such that ¢(x) = 2=!. As a by-product, we show that
I'pGL,(q) 18 not a normal Cayley graph.

1. INTRODUCTION

Determining the full automorphism group of Cayley graphs is a central problem in
algebraic graph theory. In general, the knowledge of the full automorphism group of a
graph can help understand certain combinatorial structures associated with the graph.
For instance, the articles [5, 6, 7, 8, 15| are a few examples of the vast work in the
literature where this problem is studied for Cayley graphs. This paper is concerned with
determining the full automorphism group of a Cayley graph associated with Erdgs-Ko-
Rado type theorems in permutation groups.

The Erdgs-Ko-Rado (EKR) theorem [4] is an extremal set theory result on maximum
intersecting families. Define [n] := {1,2,...,n} for any integer n > 1 and let 1 < k < n.
The EKR theorem asserts that if n > 2k and F is a family of k-subsets of [n] in which
any two intersect (i.e., an intersecting family), then |F| < (§~]). Moreover, if n > 2k,
then equality holds in the latter if and only if there exists a € [n] such that F = {A C
[n] : |A] = k and a € A}. These maximum-size families are known as stars, and they
are conjugate orbits of the group Sym(n — 1) acting on the k-subsets of [n]. One of the
many ways to prove the EKR theorem [10, Chapter 1| is to model intersecting families to
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correspond to certain structures in a graph. Recall that the Kneser graph K (n, k) is the
graph whose vertex set is the collection of all k-subsets of [n], and two k-subsets A and B
are adjacent if and only if AN B = @. It is not hard to see that a family F of k-subsets
of [n] is intersecting if and only if it is a coclique' in K(n, k). Using the fact from the
EKR theorem that the maximum cocliques of K (n, k) are stars, it can be shown that

Aut(K(n, k)) = Sym(n),

whenever n > 2k + 1; see |11, Corollary 7.8.2].

There are many extensions of the EKR theorem to different combinatorial objects,
as described in [10] for instance. In particular, the EKR theorem can be extended to
permutations of a finite symmetric group. For any n > 3, we say that two permutations
o and 7 of Sym(n) are intersecting if the exists ¢ € [n] such that o(i) = 7(i), and a
subset F C Sym(n) is called intersecting if any two permutations in F are intersecting.
To find the largest intersecting sets of Sym(n), one can formalize the problem into a
graph theoretic one. The derangement graph T',, of Sym(n) is the graph whose vertex
set is Sym(n), and two permutations ¢ and 7 are adjacent if o7'7 is a derangement,
i.e., a fixed-point-free permutation. It is not hard to see that ', is in fact the Cayley
graph Cay(Sym(n), D,,), where D,, = {o € Sym(n) : o(i) # i, for all i € [n]} is the set of
all derangements of Sym(n); (see [11] for the definition of a Cayley graph). A subset
F C Sym(n) is intersecting if and only if F is a coclique of T',, i.e., a subset of vertices
in which no two are adjacent. It was shown in [1, 9, 16| that the maximum cocliques of
I',, are sets of the form

Sij = {0 € Sym(n) : (i) = j},

for some i, j € [n]. These sets are exactly the cosets of a point stabilizer of the symmetric
group Sym(n). We say that Sym(n) has the strict-EKR property in this case. Using
this fact, Deng and Zhang showed in [2] that Aut([',,) = (L, x Inn(Sym(n))) x (¢), where
¢ : Sym(n) — Sym(n) is the automorphism such that ¢(z) = 7! and L, = {\, €
Sym(n)»™™ : )\ (1) = oz, for o € Sym(n)} is the left-regular representation of Sym(n).
For o € Sym(n), let p, : Sym(n) — Sym(n) be such that p,(z) = zo~!, for x € Sym(n).
It is not hard to show that the automorphism group of I',, can also be expressed as

Aut(T,) = (Ln X Ry) % (),

where R, = {p, : 0 € Sym(n)} is the right-regular representation of Sym(n).

The above EKR type problem on permutations can be further generalized to transi-
tive subgroups of Sym(n), i.e., transitive permutation groups. Given a finite transitive
permutation group G < Sym(€2), the derangement graph I'¢ of G is the Cayley graph
Cay(G, D¢), where Dg = {g € G : g(w) # w, for allw € Q}. Then, it is not hard to
see that a subset F C G is intersecting if and only if it is a coclique of I'g. We say that
G < Sym(Q2) has the EKR property if o(I'g) = % If the only cocliques of maximum
size are cosets of a point stabilizer, i.e., subsets of the form S, ., = {g € G : g(w) = W'}
for some w,w’ € Q, then we say that G < Sym(Q2) has the strict-EKR property. See
[14, 17, 19] for some recent work on EKR and strict-EKR properties. As in the case of
the original EKR theorem and the EKR theorem for the permutations of the symmetric

lie., a subset of vertices in which no two are adjacent.
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group, it is natural to ask whether the full automorphism group of I'¢ can be explic-
itly computed, provided that G < Sym(2) has the strict-EKR property. Deducing from
computer search using the computer algebra system Sagemath [21], the answer to this
question seems to depend heavily on the structure the underlying permutation group,
and not solely on the strict-EKR property. However, for the projective general linear
group of degree two over finite fields equipped with its natural geometric action on the
projective line, the full automorphism group of the derangement graph can be computed
using the strict-EKR property and some geometric properties. We note that Meagher
and Spiga showed in [18| that this action of PGLs(g) admits the strict-EKR property. We
state our main result below.

Theorem 1.1. For any power q of a prime number, we have

Aut(Tpara(g) = (Lpara) X Reara@) X () X Yau(r,)) »
where:

o LpGr,(g) @8 the left-reqular representation of PGLa(q),

® Rpary(g) @5 the right-reqular representation of PGLa(q),

® Vaut(r,) 15 the group of conjugation by elements of the field automorphism Aut(F,), and
e ¢ : PGLy(q) — PGlsy(q) is the anti-automorphism mapping an element to its inverse.

A Cayley graph X on a group G is a normal Cayley graph if the group of left-regular
representations Lg of G is a normal subgroup of Aut(X). It is an easy exercise to show
that wLpGLQ(q)w*1 = Rpar,(q). Therefore, ¢ does not normalize Lpgr,(q), and we deduce
the following.

Proposition 1.2. The graph I'par,(q) s not a normal Cayley graph.

Notations and conventions. In the proof of Theorem 1.1, we will adopt the following
notations. Let ¢ = p* be the power of a prime p, where k¥ > 1 is an integer. The finite
field on ¢ elements is denoted by F,. We denote the projective line over F, by PG1(g), i.e.,
the set of all 1-dimensional subspaces of ]Fg. The elements of PG (q) are the subspaces

(] e (1)

Thus, we may view PG;(q) as F, with an additional point at infinity, i.e., PGi(¢q) =
F,U{oo}.

All groups considered in this paper are finite, and all graphs are simple and undirected.
All groups actions are left actions, that its, a group G with identity element 1 acts on
a set  if there exists a map a : G x Q — Q such that for any ¢, € G, we have
a(gg,w) = a(g,a(¢’,w)) and a(1l,w) = w, for w € Q. The group G acts on ) faithfully
if {geG:alg,w) =w,Vwe Q} ={1}.

Given a group G, we define the maps A, : G — G and p, : G — G such that \,(z) = gz
and py(z) = zg~', for x € G. The sets Lg = {\, : g € G} and Rg = {p, : g € G} are
subgroups of Sym(G), and they are respectively called the left-regular representation
and the right-regular representation of the group G. If K is an overgroup containing
G as a normal subgroup, then for any k € K, let v, : G — G such that v, (z) = kxk™!
for x € G. It is not hard to see that v, = A\ypx for any k € K. The group Lg and Rg
commute, and if Z(G) is trivial, then (Lg, Rg) = Lg X Rg. See [12] for details.



2. THE PROJECTIVE GENERAL LINEAR GROUPS OF DEGREE TWO

The projective general linear group PGLy(q) is the group of all Mébius transforma-
tions, that is, transformations of the form h : PG;(¢) — PGi(q) such that
a+ bz
M=) = c+dz
where ad — cd # 0, and with the rules: L =0, £ = oo for ¢ # 0 and h(c0) = 2.

The group PGLy(q) acts transitively on PGy(g). The stabilizer of co € PGy(q) in this
action of PGLy(q) is a Borel subgroup of PGLy(q), which is therefore of order ¢(q — 1),
isomorphic to AGL;(g). This subgroup acts transitively on the remaining ¢ points of
PG1(q), so the action of PGLy(q) on PG(q) is also 2-transitive?. In addition, it is well
known that this action of PGLy(q) is sharply 3-transitive, so for every triples (x,y, z) and
(«',y, 2") of elements of PG(q) with distinct entries, there exists a unique g € PGL3(q)

such that (g(z), g(y), 9(2)) = (2',y', 7).
Given distinct z,y, z,t € PGy(q), their cross-ratio is

(z —2){t -y
(z—y)(t —x)
The cross-ratio is an invariant of PGLy(q) in the sense that if ¢ € PGLs(g), then
(9(),9(y);9(2),9(t)) = (z,y;2,t) for any distinct x,y, z,t € PGi(q). In fact, this in-

variant can be used to determine whether an element of Sym(PG(q)) is in PGLy(q) or
not, as follows.

(x,y; 2,t) :=

Theorem 2.1. A permutation of PG1(q) belongs to PGlis(q) if and only if it preserves
the cross-ratio of any four distinct elements of PG1(q).

By sharp 3-transitivity, the group PGLs(q) acts intransitively on the set all quadru-
ples of PGy(g) with distinct entries, whenever ¢ > 4. Given two quadruples with dis-
tinct entries (u,v,w,t) and (uv',v',w',t') of PGi(q), there exists at most one element of
PGL2(¢q) mapping one to the other. If g € PGLy(q) is such that (g(u), g(v), g(w), g(t)) =
(v, 0", w' '), then by Theorem 2.1 we have the cross-ratio equality

(u,v;w, t) = (v, 050 1),

Denote the Frobenius automorphism of F, by 6, that is, 6 : F, — F, such that (x) = «?
for all x € Fy. It is well known that Aut(F,) = Aut(F,./F,) = (0) = Z;. The group

Aut(F,) acts as automorphism of PGLy(q) via the following action. For any h : z — gisz
in PGL4(q), we have

0(a) + 6(b)z

0(c)+0(d)z

Then, the projective semilinear group of degree 2 over F, is the group denoted by
PI'Ly(q) = PGLy(q) x Aut(F,) = PGL2(q) x () with multiplication

(90")(ho") = g(6" - n)o™*
for any g,h € PGLy(q) and 0 < 4,5 < k — 1. We note that by the property of the
semi-direct product, we have 6 - h = 0h9~!, for any h € PGLy(q).

0 -h:z—

2that is, it is also transitive on the set of ordered pairs of elements of PGy (q) with distinct entries
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Next, we state an important theorem that will be used in the proof of the main result.
This result can be derived from the Fundamental Theorem of Projective Geometry [13,
Chapter 2(ii)] or from a group theoretic result from [3, Page 245|.

Theorem 2.2. If ¢ = p*, then Nsympa,(q)(PGL2(g)) = PT'Ly(q).

3. PROOF OF THEOREM 1.1

In this section, we give a proof to Theorem 1.1. We first show that Aut(I'pgr,(q))
contains a large subgroup isomorphic to (LPGLZ(Q) X RPGL2(Q)) X (1, 79) in § 3.1. The rest
of the proof is building up to showing that this subgroup is in fact equal to Aut(I'par,(g))-
In § 3.2, we show that Aut(I'pgr,(g)) embed into Sym(PGi(g) x PGi(q)), and use this fact
along Wlth the intersection sizes to embed Aut(I'pgr,(g)) into the automorphism group of
the (¢ + 1) x (¢ + 1) grid graph or the Hamming graph H(2,¢ + 1) in § 3.3. Using all
these results, we give a proof to Theorem 1.1 in § 3.4.

3.1. A large subgroup of automorphism. We will show that Aut(I'pgr,(g)) admits a
large subgroup, which turns out to be the full automorphism group.

Since I'par, (q) Is a (left) Cayley graph, the celebrated result of Sabidussi [20] asserts that
Lpgr,(q) < Aut(FpGLz(q)) The right-regular representation of need not be contained in the
automorphism group of a Cayley graph, in general. However, in the case of I'pqr,(q), the
connection set is a union of conjugacy classes, and this 1mphes Rpar,(q) < Aut(I’pGLQ( )
As PGLs(q) is centreless, we have (Lpgr,(q): Rpcra(g)) = Lrars(qg XRPGLQ(q See [12, § 3.1]
for details. The same argument can be used to show that (LPFLQ( ), Rpris(g)) = Lpri,(q) X
Rpri, (), but as we will see later, not every element of this group is an automorphism of

IpcLag)-

Lemma 3.1. We have Aut(F,) = (vs) < Aut(I'pary(g))-

Proof. 1t is clear that Aut(F,) = (#) is isomorphic to (y5). We note that ¢ € PGL4(q)
fixes u € PGy(q) if and only if 0 - g fixes 6(u). Hence, if ¢ € PGL3(q) is a derangement
on PGy(q), then so is 0 - g. For any x,y € PGLy(q), we have

70(x) ~ 79(y) < v0(x)" 79 (y) has no fixed points in PGy (q)
& y(r'y) = 0(x ')~ = 0 - (z'y) has no fixed points in PG;(q)
& o'y has no fixed points in PG (q)
ST~y

Hence, 75 € Aut(I'pgr,(g))- O

We can define an action of Aut(F,) as automorphism on Lpgr,(q) X RpGL,(q) as shown
in the next lemma.

Lemma 3.2. We have

(LpaLy(g) X Rrcra(),70) = (Lrcra) X RBrara(g) * (V0)-
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Proof. For any g, ¢' € PGLy(q), we have
Yo(Agpg )Y = (’YOAg’Ye_l)(’Yepg"YJl) = Xo.gPo.g'-
Therefore, Lpgr,(q) X Rpcrs(q) < (LpcLy(q) X Bpara(g)s Vo). I ¢ € (79) N(LpaLy(g) X RpcLa(q))

is non-trivial, then there exists vj = Ajpy = ¢ for some 0 < i < k—1 and g, ¢’ € PGL2(q).
Evaluating 75 = A;py on the identity of PGLy(g), we have ¢’ = ¢, and consequently,
APy = Agpg = 4. We deduce that v) = v = 7,. As PGLa(q) N Aut(F,) is trivial,
we deduce that ¢ = 0 and g = 1, and thus ¢ is the identity element. Consequently,
(Lrcra(g) X Brara(g):70) = (LrcLy(g) X BrcLy(g) X (70)- O

Recall that v : PGLa(q) — PGLay(q) is the map such that ¢(z) = 27! for any = €
PGLsy(g). Since the centre of PGLy(q) is trivial, it follows from the result in [12, § 3.1]
that <LPGL2((1) X RPGLg(q)ﬂb) = (LPGLg(q) X RPGLg(q)) X <1/}> MOl“eOVGI", for z € PGLQ((]),
we have

Op(r) =0(x™") = (¢7)" = (") = (") = ¥o(x).
In other words, ¢/ and § commute. We deduce the following lemma whose proof is omitted.

Lemma 3.3. For any q, we have

(Lparata) * ReaLa) @ ((¥) X (6)) < Aut(Tpary(g))-

For the remainder of the section, we show that equality in fact holds in Lemma 3.3.

3.2. An induced action on PG;(q) xPGy(g). In [18], it was shown that the permutation
group PGLy(q) with its action on PGy (¢) admits the strict-EKR property. For any u,v €
PGi(q), we define

Suw = {9 € PGLy(q) : g(u) = v}. (1)

We note that S, is the stabilizer of u € PG;(q) in PGL2(g), and for any v € PGy(q),
the set S, , is a coset of S, ,,.
For any triples (uq,us,us) and (v, v, v3) of PGy(q) with distinct entries, we have

’Suhvl N Suz,vz N Suw)s‘ =1

due to the fact that PGLy(q) is sharply 3-transitive. As discussed before, PGL2(q) acts
intransitively on the set of quadruple of elements of PG4 (¢) with distinct entries, for ¢ > 4,
and two quadruples (uy, us, us, uy) and (vy, va,v3,v4) of elements of PGy(g) with distinct
entries belong to the same orbit if and only if they have the same cross-ratio. Therefore,
we deduce that

|Su17v1 N Su2,02 N SU3,1;3 N Su4,v4’ = 1if and Only if (ula Ug; U3,U4) = (Ula Va; V3, U4>-

Let Q = {Suv:u,v € PGi(q)}. As Q is the set of all cocliques of maximum size in
I'pary(g), the automorphism group Aut(I'pgr,(q)) acts on €.

Lemma 3.4. The action of Aut(I'pgr,q)) on 2 is faithful.
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Proof. Assume that ¢ € Aut(I'par,(g)) such that ¢(S,.,) = Sy, for all u,v € PGi(q).
Then, given g € PGLy(q) we have

s{g)=¢| [\ Swsw | S [ ¢Sugw)= [] Sugw =19}

uePG1(q) uePG1(q) uePG1(q)

Hence, ¢(g) = g for all g € PGLy(q). Since Aut(I'par,(q)) acts faithfully on the vertices
of I'par,(g), We must have that ¢ is the identity map. U

Thus, we have the embedding Aut(I'pgr, ) — Sym(2) = Sym(PGi(q) x PGi(q)).
Next, we examine the intersection of elements of Q. If ¢ € Aut(I'pgr,(q)), then

’¢(Su,v) N ¢<Su’,v’)‘ = |Su,v N Su’,v" (2)

for any u,v,u’,v" € PGi(q). Note that the latter holds more generally for permutations
of PGLy(¢) that also permute €.

As previously discussed, the left-regular representation Lpgr,q) = {Ag : 9 € PGL2(q)}
of PGL;(q) is a subgroup of Aut(I'pgr,(g)). Its action on €2 is as follows. For g € PGLs(q)
and u,v € PGi(q), we have A\g(Suv) = 9Su0 = Sug()- Similarly, for g € PGLy(q), we
have pg(Suw) = Supd™ " = Sgeu) -

We determine the intersection sizes of elements of €2 in the next lemma.

Lemma 3.5. If u,u/,v,v" € PGy(q), then

q(g—1) ifu=u andv="1
|Suw N Sw | =<0 ifu=u" andv #v, oru#u andv="1'

a1 if (o) £ (W),

Proof. Clearly, if u = v’ and v = v/, then S,, = Sy, so the size of their intersection
is ¢(¢ — 1). The intersections Sy, N Sy, Where v # v’ and S, N Sy, Where u # u' are
both empty, otherwise the elements would not be a map in the former, and would not
be injective in the latter. Assume next that (u,v) # (uv/,v"). Let g € PGLy(q) such that
g(v) = u. Then, by (2) we have

|Su,v N Su’,v” = ‘)\g(Su,v) N )\g<Su’,v’)| = ‘Su,g(v) N Su’,g(v’)| = |Su,u N Su’,g(v’) . (3)

Since PGL4(q) is 2-transitive on PGy (q), the stabilizer S, , of u € PG;(q) has two orbits,
namely {u} and PG;(q) \ {u}. Note that since (u,v) # (v',v’), we know that u’, g(v") €
PGi(q) \ {u}. Hence, there exists h € S, such that h(g(v')) = «’. Using this in (3), we
have

’Su,v N Su/,v" = |Su,u N Su’,g(v’)‘ = ’hSu,u N hSu’,g(v’)‘ = ’Su,u N Su’,u”-

Note that Sy, N Sy is the pointwise stabilizer of u and «'. As S, ,, acts transitively on
PGi(q) \ {u}, by the orbit stabilizer lemma we have

| S _qlg-1)
() \ ()] —a-h

Hence, we deduce that |S,, NSy | =¢—1. O

‘Su,u N Su’,u’l =




8

3.3. Reduction to the (¢+ 1) x (¢ + 1)—grid. For any integers d,q > 1, the Hamming
graph H(d,n) is the graph whose vertex set consists of the d-tuples with entries from
{0,1,...,q — 1}, and where two d-tuples are adjacent if they differ in exactly one entry
or position. The graph H(2,n) is also known as the n x n grid graph.

From Lemma 3.5, we know that the intersection sizes take exactly three values. From
this, we may define a graph that represents the structure of the intersection of elements
of Q. Let G, be the graph whose vertex set is PG;(¢) x PGy(q), where two vertices (u,v)
and (v',v") are adjacent if |S, , N Sy | = 0. We illustrate Gs below.

FIGURE 1. The graph Gs.

As the group Aut(I'par,(q)) acts (faithfully) on €, it also acts (faithfully) on the vertices
G, To obtain this action, we view any ¢ € Aut(I'pgr,(g)) < Sym(£2) as a mapping on
PGi(q) x PGy(q) to itself. We write

¢(u,v) = (u',0v') & G(Suw) = Survr (4)

for any u,v,v',v" € PGy(q) and ¢ € Aut(I'par,(g)). In fact, Aut(I'par,(g)) does not only
act faithfully on PGy(q) x PGy(q), it also acts as automorphism of G,.

Lemma 3.6. Any ¢ € Aut(I'pgr, () induces an automorphism of G,. In particular,
Aut(Ipgr,(q)) embeds into Aut(G,).

Proof. By Lemma 3.4, ¢ induces a permutation on PG;(¢q) x PG;(g). Given two vertices
(u,v) and (u',v") of G, we have

(u,v) ~g, (Uu',0") & Syp NSy =D
<~ Qb(Su,v) n ¢(Su’,v’> =9 (by (2))
~ ¢(u7 U) ~G, gb(u/? U/)'

In other words, ¢ induces an automorphism of G,. The rest of the proof is immediate. [



Ne

Using Lemma 3.5, the graph G, is clearly isomorphic the Hamming graph H(2,¢+1)
K, 10K, 1. Consequently, we have Aut(G,) = Sym(PGi(q)) 1 Cy = (Sym(PG;(q))
Sym(PGj(q))) x Cy, which consists of all triples

X

(o,7;7r) € Sym(PGy(q)) x Sym(PG1(q)) x Csq

such that
(. 757)(0,) = {(

As Sym(PGj(q)) is centreless, we have
(Lsym(pcy (@), Rsym(pcy @), ¥) = (Lsym(pai @) X Rsym(pa,@)) % (V).

The group (Lsym(PG1(q)) X Rsym(PGl(q))) x (1) acts on by permuting the indices in €.
Define the map

® : (Lsym(pai(g) X Rsympai()) ¥ (¥) — (Sym(PGi(q)) x Sym(PG1(q))) x Cs
)‘UpTwi — (7-7 g, (_1>1)

The map @ is clearly a group isomorphism. Let ®(¢) = ¢ is the permutation induced
by ¢ € (Lsym(Pci(q) X RsymPai(q)) % (¥) in PGi(q) x PGy(q). For any subgroup M <
(Lsym(PGi(g)) X Rsym(pci(q)) X (¢), we define M = ®(M). We give the image under ® of
certain elements of Aut(I'par,(q)) in its embedding into Aut(G,) in Table 1; the proof is
straightforward, so we omit it.

We note that any (o, 7; (—1)") € Sym(PGi(q)) 1 Ca can be expressed as the product

(0,7 (~1))) = (0,73 1)(1,1; (~1)") = (0,73 1))

Since ¢ € Aut(I'par,(g)), it is an easy exercise to show that there exists a subgroup
K < Sym(PGi(q)) x Sym(PG1(q)) < Sym(PG;(q)) t Cs such that

Aut(TpgLy(g) = Aut(TpaLy(g) = K(¥) = K x (1) (5)
In particular,

Aut(Tper, () = 27 (K) 4 (1), (6)

¢ € Aut(I'par,(g) ‘ ¢ € Aut(G,) ‘ Comments

Ag (Lg;:1) g € PGLs(q)
Py (9. 1;:1) g9 € PGLs(q)
P (1,1;—1) | swaps coordinates
Yo (0,0;1) 0 € Aut(F,)

TABLE 1. Images of certain automorphisms of Aut(I'pgr, () — Aut(Gy).
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3.4. Proof of Theorem 1.1. In this section, we combine the results from the previ-
ous sections to determine the subgroup ®~!(K), or equivalently, K < Sym(PGi(q)) X
Sym(PGi(q)). B

For any g € PGLy(g), recall from Table 1 that A\, = (1,¢;1) and p, = (g,1;1). More-
over, we have 75 = (0, 0;1). It is therefore clear from Lemma 3.2 that

(Lrcra(g X Rrar.g) * (F8) < K, (7)

where K is the subgroup defined in (5). It is worth noting that a typical element of
(Lpara(g) X Rpala(g) ¥ (Ya) is of the form (g6, ¢'6%;0), where g,¢' € PGLy(¢) and 0 <
1,7 <k—1.

Now, let ¢ € Aut(I'par,y(g) such that ¢ € K. As K < Sym(PG(q)) x Sym(PG(gq)) <
Sym(PGl( )) 1 Cs, there ex1st two permutations 0,7 € Sym(PGj(q)) such that

¢=(0,7;1).
Claim 1. The permutations o and 7 lie in PT'Ly(q).

Proof Claim 1. For any ¢ € Aut(I'pgr,(q)) and for any pair of quadruples (uq, ug, us, t4)
and (v, ve, v3,v4) with distinct entries from PGy (q), we have

|Su1 v1 N Susve N Sugws N Su, v4’ = ‘90( u1 Ul) N @(Suz,vz) N @(Sw,vs) N @(Su4,v4)"

Let us show that ogo™!, 7g77! € PGLy(q), for any g € PGLy(q). For any four distinct
elements wuy, ug, uz and uy of PGy(q), using the fact that ¢ and p, are automorphisms of
FPGLQ((])? we have

o (wi), 7 (wy)

=16 (Sur
ﬂpg o~ (u;),m 1w

4

() (S5t90-1u)r—1ar)))

=1

Uz u;)

4

ﬂ qb(SgU’l(ui)vT*l(ui))

=1

o (ui), 71 (u;)

|0
é g

4

ﬂ ogo—(u;), 771 (u;)

1=

4

= | Sogo= |-

i=1

Hence, there is a unique element of PGLy(¢) that maps the quadruples (uy, ug, ug, ug) to
(ocgo™(uy), 0907 (uz), 090 (u3), 090 (uy)). By Theorem 2.1, we must have

(w1, uz; us, ug) = (090~ (ur), 090~ (u2); 090~ (us), 090" (ua)) ,

for any quadruples (uy, us, us, ug) of PGy(q) with distinct entries. In other words, cgo=! €
PGL;(q) for any g € PGLy(q). Thus, 0 € Ngym(pa,(q)(PGL2(g)). Similarly, we can show
that 7 € Ngym(pa,(q)(PGL2(¢)) by using the automorphism A, € Lpgr,g). The result
now follows from Theorem 2.2. O

From Claim 1, we deduce that K < EPFLQ XRPFLQ(q Therefore, for ¢ € Aut(I'par,(g)),
we have

?=1(g.95(=1)") = Agpg
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for some g,g € PI'Ly(q) and @ € {0,1}. Since ® is an isomorphism, we note that
O(K) < Lpri,y(q) X Rpri,(q), and therefore we have

(LPGLQ(Q) X RPGLz(q)> X (79) < (I)_I(K) < (LPFLz(q) x RPFLz(Q)) : (8)

Next, we determine the elements of Lpry,(g) X Rpri,(g that lie in Aut(T'par,(q))-

Claim 2. Let g,¢9" € PGLy(¢q) and 0 < 4,7 < k — 1. Then, pypidge € Aut(I'pgr,(q)) if
and only if ¢ = j. In this case, pygidggi = pPgAg Vi € (LpcLa(g) X Rpara(g) X (70)-

Proof. The converse of the statement follows from Lemma 3.3. Now, assume that pgg; Aggi €
Aut(I'pgr,(g)). It is immediate that

Py’ 6i )\ggi € Aut(FPGLZ(q)) if and only if Poi )\,91‘ S Aut(FpGLz(q)).

As pgidgi € Aut(I'par,(q)), it is a permutation of PGLy(q). In particular, pgiAgi(x) €
PGLy(q) for any x € PGLa(q). As pgidgi(x) = 02077, for v € PGLy(q), we have
6" PGLy(q)0~7 C PGLa(q). The latter can only happen if i = j. O

We deduce from Claim 2 that the elements of ®~!(K) must be of the form

AgoiPgor = AgPg Mot Poi = AgPg Yo € (LbGLa(g) X RpaLa(g)) X (10)
for some g, ¢ € PGLy(q) and 0 < i < k — 1. By (8), we have

(I)il(K) - (LPGL2(Q)XRPGL2(q)) X (70)-

Therefore, we conclude that

Aut(Trary(g) = @7 (K) % (¥) = (LecLa(g) X Brarag) % (Y0, ¥),
thus proving Theorem 1.1.

REFERENCES

[1] P. J. Cameron and C. Ku. Intersecting families of permutations. European J. Combin., 24(7):881—
890, Oct. 2003.

[2] Y.-P. Deng and X.-D. Zhang. Automorphism Group of the Derangement Graph. Electron. J. Com-
bin., 18(1), Oct. 2011.

[3] J. D. Dixon and B. Mortimer. Permutation Groups. Springer New York, 1996.

[4] P. Erdés, C. Ko, and R. Rado. Intersection theorems for systems of finite sets. Q. J. Math., 12(1):313~
320, 1961.

[5] X. G. Fang, C. E. Praeger, and J. Wang. On the automorphism groups of Cayley graphs of finite
simple groups. J. Lond. Math. Soc., 66(3):563-578, Dec. 2002.

[6] Y.-Q. Feng. Automorphism groups of Cayley graphs on symmetric groups with generating transpo-
sition sets. J. Combin. Theory Ser. B, 96(1):67-72, Jan. 2006.

[7] A. Ganesan. Automorphism groups of Cayley graphs generated by connected transposition sets.
Discrete Math., 313(21):2482-2485, Nov. 2013.

[8] C. Godsil. The automorphism groups of some cubic Cayley graphs. European J.Combin., 4(1):25-32,
Mar. 1983.

[9] C. Godsil and K. Meagher. A new proof of the Erdés—Ko—Rado theorem for intersecting families of
permutations. Furopean J. Combin., 30(2):404-414, Feb. 2009.

[10] C. Godsil and K. Meagher. Erdés—Ko—-Rado Theorems: Algebraic Approaches. Cambridge University
Press, Nov. 2015.
[11] C. Godsil and G. Royle. Algebraic graph theory. Number 207 in Graduate texts in mathematics.

Springer, New York, 2004.



12

[12] A. Herman, R. Maleki, and A. S. Razafimahatratra. On the Terwilliger algebra of the group associ-
ation scheme of the symmetric group Sym(7). J. Combin. Des., 33(7):261-274, Apr. 2025.

[13] J. W. P. Hirschfeld. Projective Geometries over Finite Fields. Oxford University PressOxford, 1998.

[14] A. Hujdurovié¢, K. Kutnar, B. Kuzma, D. Marusic, Stefko Miklavi¢, and M. Orel. On intersection
density of transitive groups of degree a product of two odd primes. Finite Fields Appl., 78:101975,
2022.

[15] W. Imrich and M. E. Watkins. On automorphism groups of Cayley graphs. Period. Math. Hungar.,
7(3-4):243-258, 1976.

[16] B. Larose and C. Malvenuto. Stable sets of maximal size in Kneser-type graphs. Furopean J. Combin.,
25(5):657-673, 2004.

[17] K. Meagher, A. S. Razafimahatratra, and P. Spiga. On triangles in derangement graphs. J. Combin.
Theory Ser. A, 180:105390, 2021.

[18] K. Meagher and P. Spiga. An Erdés—Ko-Rado theorem for the derangement graph of PGL(2,q)
acting on the projective line. J. Combin. Theory Ser. A, 118(2):532-544, Feb. 2011.

[19] V. R. T. Pantangi. All 3-transitive groups satisfy the strict-Erdés-Ko—Rado property. European J.
Combin., 124:104057, 2025.

[20] G. Sabidussi. On a class of fixed-point-free graphs. Proc. Amer. Math. Soc., 9(5):800-804, Oct. 1958.

[21] The Sage Developers. SageMath, the Sage Mathematics Software System (Version 10.9), 2026.
https://www.sagemath.org.


https://www.sagemath.org

	1. Introduction
	Notations and conventions

	2. The projective general linear groups of degree two
	3. Proof of Theorem 1.1
	3.1. A large subgroup of automorphism
	3.2. An induced action on PG1(q)PG1(q)
	3.3. Reduction to the (q+1)(q+1)–grid
	3.4. Proof of Theorem 1.1

	References

