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Abstract. We study properties of the group association scheme of the Möbius group
PGL2(q), where q is a prime power. First, we determine the automorphism group of the
scheme by finding the automorphism group of the derangement graph of the permutation
group PGL2(q) acting on the projective line PG1(q). In particular, we show that the auto-
morphism group of the scheme is generated by the left-regular representation of PGL2(q), the
right-regular representation of PGL2(q), and the anti-automorphism of PGL2(q) mapping
an element to its inverse. Then, we use the automorphism group to show that the scheme is
triply transitive if and only if q = 2.

1. Introduction

Let Ω be a finite nonempty set. An association scheme on Ω is a pair (Ω,R) where
R = {R0, R1, . . . , Rd} is a partition of Ω× Ω with the properties:
(AS1) R0 = {(ω, ω) : ω ∈ Ω},
(AS2) for any 0 ⩽ i ⩽ d, the relation R∗

i = {(β, α) : (α, β) ∈ Ri} belongs to R,
(AS3) for any 0 ⩽ i, j, k ⩽ d, there exists a non-negative integer pkij such that if (α, β) ∈ Rk,

then

|{ω ∈ Ω : (α, ω) ∈ Ri and (ω, β) ∈ Rj}| = pkij.

A pair (Ω,R) satisfying (AS1)–(AS3) with |R| = d + 1 will also be referred as a d-class
association scheme. It is worth noting that there is no consensus on the definition of what
an association scheme is, and the standard textbooks (see [2]) on this topic all have slightly
different ways of defining these objects. The association schemes in our definition, i.e. those
satisfying in (AS1)–(AS3), are also known as homogeneous coherent configurations. If in
addition we have pkij = pkji for all 0 ⩽ i, j, k ⩽ d, then we say that the association scheme
(Ω,R) is commutative . If R∗

i = Ri for any 0 ⩽ i ⩽ d, then (Ω,R) is a symmetric
association scheme.

Given a d-class association scheme (Ω,R = {Ri}di=0), for any 1 ⩽ i ⩽ d, we let Γi be
the digraph whose vertex set is Ω, and whose set of arcs is Ri. Note that, for 1 ⩽ i ⩽ d,
R∗

i = Ri if and only if Γi is an undirected graph. The adjacency matrix of the digraph Γi

is denoted by Ai for 1 ⩽ i ⩽ d. Moreover, we let A0 be the diagonal matrix in MΩ(C). A
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combinatorial automorphism of (Ω,R) is a permutation of Ω preserving each relation in
R, that is, an element in the intersection of all automorphism groups of the graphs (Γi)i.
The automorphism group of the association scheme (Ω,R) is defined to be the group

Aut(R) :=
d⋂

i=1

Aut(Γi). (1)

Equivalently, Aut(R) can also be viewed as the matrix group

{P ∈ MΩ(C) : P is a permutation matrix such that AiP = PAi, for 1 ⩽ i ⩽ d} .
The Terwilliger algebra of an association scheme is an important tool introduced by Paul

Terwilliger in [19, 20, 21] to study the so-called P - and Q-polynomial association schemes. As
such, these algebras were first introduced for these types of schemes, but nevertheless, they
can also be defined broadly on any association schemes. The drawback is however that the
structure of these algebras become much more complex in the non-P - and non-Q-polynomial
cases. For examples, the Terwilliger algebras of the group association scheme of Sym(n) is
only well-understood for 3 ⩽ n ⩽ 7; see [1, 3, 10]. Thus, other structures that approximate
the Terwilliger algebra are very important.

We formally define what a Terwilliger algebra now. Given a d-class association scheme
(Ω,R = {Ri}di=0) and a vertex ω ∈ Ω, for any 0 ⩽ i ⩽ d, we define the diagonal matrix E∗

i,ω

such that

E∗
i,ω(α, α) =

{
1 if (ω, α) ∈ Ri,

0 otherwise.

The Terwilliger algebra of the association scheme (Ω,R) with respect to a vertex ω ∈ Ω
is the subalgebra of MΩ(C) given by

Tω = ⟨A0, A1, . . . , Ad, E
∗
0,ω, E

∗
1,ω, . . . , E

∗
d,ω⟩. (2)

Note that two Terwilliger algebras defined with respect to two vertices need not be isomorphic.
However, if ω and ω′ are in the same orbit of Aut(R), then Tω and Tω′ are isomorphic C-
algebras. For any g ∈ Aut(R), we let Pg be the corresponding permutation matrix in MΩ(C).
Two important structures related to the Terwilliger algebra Tω are its subspace T0,ω and the
centralizer algebra T̃ω. The former is defined as the subspace

T0,ω = SpanC
{
E∗

i,ωAjE
∗
k,ω : 0 ⩽ i, j, k ⩽ d

}
,

while the latter is

T̃ω = {A ∈ MΩ(C) : PgA = APg, g ∈ Aut(R)ω} .

In other words, T̃ω is the centralizer algebra of the group stabilizer Aut(R)ω of ω in Aut(R).
It is immediate that T0,ω ⊆ Tω. The adjacency matrices of the graphs (Γi)i are clearly in T̃ω
by definition of Aut(R), and it is not hard to show that E∗

i ∈ T̃ω, for any 0 ⩽ i ⩽ d; see [10].
Therefore, for any ω ∈ Ω, we have

T0,ω ⊆ Tω ⊆ T̃ω. (3)

If T0,ω = Tω = T̃ω, then the Terwilliger algebra enjoys both combinatorial and algebraic
structures from T0,ω and T̃ω, respectively. Indeed, the equality T0,ω = Tω implies that the
subspace T0,ω is closed under multiplication, which turns out to be a property equivalent to
the association scheme (Ω,R) being triply regular (see [3, 17]). The algebra T̃ω admits a
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basis consisting of matrices corresponding to orbits of Aut(R)ω acting on Ω×Ω. Moreover, it
is semisimple and its Wedderburn decomposition can be obtained directly from the action of
the point stabilizer Aut(R)ω. Therefore, the equality Tω = T̃ω imposes very strong algebraic
structures on the Terwilliger algebra.

Whenever Aut(R) is transitive on Ω and T0,ω = Tω = T̃ω, then we say that the associ-
ation scheme (Ω,R) is triply transitive . This notion was first introduced by Bannai and
Munemasa in [3], where they studied the Terwilliger algebras of association schemes arising
from conjugacy classes of groups. The automorphism groups of such association schemes
are always transitive, so the definition given in [3] only requires T0,ω = Tω = T̃ω. Other
papers on triply transitive association schemes arising from groups have also appeared in
[1, 4, 5, 9, 10, 14, 23, 24]. Recently, works on this property for more general association
schemes have also appeared in the literature [11, 13, 15].

Given a finite group G with identity 1, we may define an association scheme from the
conjugacy classes of G. If C0 = {1}, C1, . . . , Cd are the distinct conjugacy classes of G, then
define

Ri = {(α, β) ∈ G×G : α−1β ∈ Ci} (4)

for 0 ⩽ i ⩽ d. Then, it is easy to see that (G,R), with R = {Ri}di=0, is a commutative
association scheme. This association scheme is the conjugacy class scheme or the group
association scheme ofG. Group schemes are important classes of association schemes since
much information on them can be extracted using the underlying algebraic structure—the
group. For instance, their character tables or first eigenmatrices can be computed directly
using the normalized irreducible characters of G. They also have applications in the study
of Erdős-Ko-Rado type problems (see [8]).

The group G acts regularly as a subgroup of Aut(R) by left multiplication on itself. Hence,
Aut(R) is always transitive, and thus the Terwilliger algebras Tg and Tg′ are isomorphic
for any g, g′ ∈ G. Consequently, we will always define the Terwilliger algebras of group
association schemes with respect to the identity element 1 of G. Moreover, we will henceforth
use the notations T0 := T0,1, T := T1, and T̃ := T̃1.

This paper focuses on properties of the group association schemes arising from the Möbius
group1 PGL2(q); see Section 3 for the definition. For any prime power q, let Rq be the
relations defined in (4) with G = PGL2(q). First, we determine the automorphism group of
the scheme (PGL2(q),Rq). The first main result is stated below.

Theorem 1.1. For any prime power q, we have

Aut(Rq) =
(
LPGL2(q) ×RPGL2(q)

)
⋊ ⟨ψ⟩,

where LPGL2(q) and RPGL2(q) are respectively the left-regular and right-regular representations
of PGL2(q), and ψ is the anti-automorphism mapping x ∈ PGL2(q) to its inverse.

In order to prove Theorem 1.1, we first find the automorphism group of a graph defined
in relation to the Erdős-Ko-Rado theorem of PGL2(q), and then we deduce Aut(Rq) from
this group. The graph in question is the derangement graph of the group PGL2(q) in its
natural transitive action on PG1(q). We note that derangement graphs can be defined for
any transitive permutation group (see [8]), but for our purpose, we only consider the one for
PGL2(q) in its action on PG1(q). Recall that a derangement in a finite transitive group G ⩽

1also known as the projective general linear group of degree 2
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Sym(Ω) is a fixed-point-free permutation. The derangement graph ΓPGL2(q) of PGL2(q) ⩽
Sym(PG1(q)) is the Cayley graph Cay(PGL2(q), DPGL2(q)), where

DPGL2(q) = {g ∈ PGL2(q) : g(ω) ̸= ω, for all ω ∈ PG1(q)}.
That is, ΓPGL2(q) is the Cayley graph of PGL2(q) whose connection set consists of all derange-
ments of PGL2(q) in its natural action on PG1(q). It is immediate that the graph ΓPGL2(q) is
the union of graphs from (PGL2(q),Rq), corresponding to conjugacy classes of derangements.
The automorphism group of the derangement graph ΓPGL2(q) is stated in the next theorem.

Theorem 1.2. For any power q of a prime number, we have

Aut(ΓPGL2(q)) =
(
LPGL2(q) ×RPGL2(q)

)
⋊
(
⟨ψ⟩ × γAut(Fq)

)
,

where:
• LPGL2(q) is the left-regular representation of PGL2(q),
• RPGL2(q) is the right-regular representation of PGL2(q),
• γAut(Fq) is the group of conjugation by elements of the field automorphism Aut(Fq), and
• ψ : PGL2(q) → PGL2(q) is the anti-automorphism mapping an element to its inverse.

Next, we focus on the triple transitivity of the group association scheme of PGL2(q). We
use Theorem 1.1 to determine certain properties of the centralizer algebra T̃ , and this enables
us to classify all q for which the scheme (PGL2(q),Rq) is triply transitive.

Theorem 1.3. The association scheme (PGL2(q),Rq) is triply transitive if and only if q = 2.

This paper is organized as follows. In Section 2, we give some background results on
group actions and automorphism group of schemes. In Section 3, we recall some important
properties of PGL2(q) that will be used in the proof of the main results. Section 4 is devoted
to finding the automorphism group of the derangement graph of PGL2(q), and Section 5
deals with the proof of Theorem 1.1. Finally, we give a proof of Theorem 1.3 in Section 6.

2. Background results

2.1. Group actions. All groups considered in this paper are finite, and all digraphs are
simple. All groups actions are left actions, that its, a group G with identity element 1 acts
on a set Ω if there exists a map α : G × Ω → Ω such that for any g, g′ ∈ G, we have
α(gg′, ω) = α(g, α(g′, ω)) and α(1, ω) = ω, for ω ∈ Ω. The group G acts faithfully on Ω if
{g ∈ G : α(g, ω) = ω, ∀ω ∈ Ω} = {1}.

Given a group G, we define the maps λg : G → G and ρg : G → G such that λg(x) = gx
and ρg(x) = xg−1, for x ∈ G. The sets LG = {λg : g ∈ G} and RG = {ρg : g ∈ G} are
subgroups of Sym(G), and they are respectively called the left-regular representation and
the right-regular representation of the group G. If K is an overgroup containing G as a
normal subgroup, then for any k ∈ K, let γk : G → G such that γk(x) = kxk−1 for x ∈ G.
It is not hard to see that γk = λkρk for any k ∈ K. The group LG and RG commute, and if
Z(G) is trivial, then ⟨LG, RG⟩ = LG ×RG. See [10] for details.

2.2. Automorphism groups of group association schemes. Let G be a group with
identity element denoted by 1. Denote the conjugacy classes of G by C0 = {1}, C1, . . . , Cd.
If R = {R0, R1, . . . , Rd}, where Ri = {(g, h) : g−1h ∈ Ci} is the set defined in (4), then we
have seen before that (G,R) is a commutative association scheme — the group association
scheme of G. The digraph Γi = (G,Ri) is clearly the Cayley digraph Cay(G,Ci) for 1 ⩽ i ⩽ d.
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Therefore, LG ⩽ Aut(Γi) for all 1 ⩽ i ⩽ d. Since Ci is a conjugacy class, the connection set
of Γi is closed under conjugation, and consequently, RG ⩽ Aut(Γi) for all 1 ⩽ i ⩽ d.

If ψ : G → G such that ψ(x) = x−1 for x ∈ G, then ψ(Ci) is also a conjugacy class for
1 ⩽ i ⩽ d. Thus, for any 1 ⩽ i ⩽ d, it is clear that ψ is an automorphism of Γi if and only if Ci

is closed under taking inverse. We conclude that if G admits a non-inverse closed conjugacy
class, then ψ ̸∈ Aut(R). For any g ∈ G, we note that ψλgψ−1 = ρg−1 and ψρgψ

−1 = λg−1 .
In other words, ψ normalizes ⟨LG, RG⟩.

We deduce that the group ⟨LG, RG, ψ⟩ ⩽ Aut(Γi) for all 1 ⩽ i ⩽ d, whenever the conjugacy
classes of G are inverse closed. Hence, we obtain the following lemma.

Lemma 2.1. Let G be a group whose centre is trivial, and whose conjugacy classes are
inverse closed. If (G,R) is its group association scheme, then

(LG ×RG)⋊ ⟨ψ⟩ ⩽ Aut(R).

3. The projective general linear groups of degree two

Let q = pk be the power of a prime p, where k ⩾ 1 is an integer. The finite field on
q elements is denoted by Fq. We denote the projective line over Fq, i.e. the set of all 1-
dimensional subspaces of F2

q, by PG1(q). The elements of PG1(q) are the q + 1 subspaces
given by 〈[

x
1

]〉
, x ∈ Fq and

〈[
1
0

]〉
.

Thus, we may view PG1(q) as Fq with an additional point at infinity, i.e., PG1(q) = Fq∪{∞}.
The projective general linear group PGL2(q) is the group of all Möbius transformations ,

that is, transformations of the form h : PG1(q) → PG1(q) such that

h(z) =
az + b

cz + d

where ad− cd ̸= 0, and with the rules: 1
∞ = 0, c

0
= ∞ for c ̸= 0 and h(∞) = a

c
.

3.1. Cross-ratios and orbits. The group PGL2(q) acts transitively on PG1(q). The sta-
bilizer of ∞ ∈ PG1(q) in this action of PGL2(q) is a Borel subgroup of PGL2(q), which is
therefore of order q(q − 1), isomorphic to AGL1(q). This subgroup acts transitively on the
remaining q points of PG1(q), so the action of PGL2(q) on PG1(q) is also 2-transitive2. In
addition, it is well known that this action of PGL2(q) is sharply 3-transitive, so for every
triples (x, y, z) and (x′, y′, z′) of elements of PG1(q) with distinct entries, there exists a unique
g ∈ PGL2(q) such that (g(x), g(y), g(z)) = (x′, y′, z′).

Given four distinct elements x, y, z, t ∈ PG1(q), their cross-ratio is

(x, y; z, t) :=
(z − x)(t− y)

(z − y)(t− x)
.

The cross-ratio is an invariant of PGL2(q) in the sense that if g ∈ PGL2(q), then we have
(g(x), g(y); g(z), g(t)) = (x, y; z, t) for any distinct x, y, z, t ∈ PG1(q). In fact, this invariant
determines whether an element of Sym(PG1(q)) is in PGL2(q) or not.

2that is, it is also transitive on the set of ordered pairs of elements of PG1(q) with distinct entries
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Theorem 3.1. A permutation of PG1(q) belongs to PGL2(q) if and only if it preserves the
cross-ratio of any four distinct elements of PG1(q).

By sharp 3-transitivity, the group PGL2(q) acts intransitively on the set all quadruples of
PG1(q) with distinct entries, whenever q ⩾ 4. Given two quadruples with distinct entries
(u, v, w, t) and (u′, v′, w′, t′) of PG1(q), there exists at most one element of PGL2(q) mapping
one to the other. If g ∈ PGL2(q) is such that (g(u), g(v), g(w), g(t)) = (u′, v′, w′, t′), then by
Theorem 3.1 we have the cross-ratio equality

(u, v;w, t) = (u′, v′;w′, t′).

Denote the Frobenius automorphism of Fq by θ, that is, θ : Fq → Fq such that θ(x) = xp

for all x ∈ Fq. It is well known that Aut(Fq) = Aut(Fpk/Fp) = ⟨θ⟩ ∼= Zk, where k = logp(q).
The group Aut(Fq) acts as automorphism of PGL2(q) via the following action. For any
h : z → az+b

cz+d
in PGL2(q), we have

θ · h : z 7→ θ(a)z + θ(b)

θ(c)z + θ(d)
.

Then, the projective semilinear group of degree 2 over Fq is the group denoted by PΓL2(q) =
PGL2(q)⋊ Aut(Fq) = PGL2(q)⋊ ⟨θ⟩ with multiplication

(gθi)(hθj) = g(θi · h)θi+j

for any g, h ∈ PGL2(q) and 0 ⩽ i, j ⩽ k− 1. We note that by the property of the semi-direct
product, we have θ · h = θhθ−1, for any h ∈ PGL2(q).

Next, we state an important theorem that will be used in the proof of the main result.
This result can be derived from the Fundamental Theorem of Projective Geometry [12,
Chapter 2(ii)] or from a group theoretic result from [7, Page 245].

Theorem 3.2. We have NSym(PG1(q))(PGL2(q)) = PΓL2(q).

3.2. Conjugacy classes. The conjugacy classes of PGL2(q) are determined by the canonical
forms of matrices in the group GL2(q) of 2 × 2 invertible matrices with entries in Fq. Note
that PGL2(q) ∼= GL2(q)/Z(GL2(q)), and the element h ∈ PGL2(q) such that h : z 7→ az+b

cz+d

corresponds to the congruence class of all scalar multiples of the matrix
(

a b
c d

)
. Any element

of PGL2(q) is therefore conjugate to an element of the form:

(1)
(
1 0
0 α

)
, where α ∈ F∗

q. The corresponding map is z 7→ z
α
.

(2)
(
1 1
0 1

)
, corresponding to the map z 7→ z + 1.

(3)
(
0 −rq+1

1 r + rq

)
, where r ∈ Fq2 \ Fq. The corresponding map is z 7→ −rq+1

z+(r+rq)
.

We note that every conjugacy class of PGL2(q) is closed under inversion. In particular,
any g ∈ PGL2(q) is conjugate to its inverse by an involution.

3.3. Centralizer and normalizer of non-diagonalizable elements. Let h ∈ PGL2(q)
such that h : z → z + 1. Every element of order p is conjugate to h. The centralizer of h in
PGL2(q) is the subgroup

CPGL2(q)(⟨h⟩) = Eq := {g ∈ PGL2(q) | g : z 7→ z + a : a ∈ Fq} .
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Note that the group CPGL2(q)(⟨h⟩) is a Sylow p-subgroup of PGL2(q). The size of the conju-
gacy class of PGL2(q) containing h is therefore q(q2−1)

q
= q2−1. Using matrix representation,

it is not hard to see that the normalizer of ⟨h⟩ is the group

NPGL2(q)(⟨h⟩) =
{
g ∈ PGL2(q) | g : z 7→ z+a

b
, a ∈ Fq, b ∈ F∗

p

}
,

whenever q is odd. If q is even, then the normalizer of ⟨h⟩ is given by

NPGL2(q)(⟨h⟩) = {g ∈ PGL2(q) | g : z 7→ z + a, a ∈ Fq} = Eq.

4. Proof of Theorem 1.2

Cocliques3 in derangement graphs have important applications in Erdős-Ko-Rado combi-
natorics of transitive groups. In [16], it was shown that the cocliques of the derangement
graph ΓPGL2(q), for the permutation group corresponding to the action of PGL2(q) on PG1(q),
have size at most q2 − q. Moreover, a coclique of maximum size in ΓPGL2(q) must be of the
form

Su,v := {g ∈ PGL2(q) : g(u) = v} ,

for some u, v ∈ PG1(q).
To prove Theorem 1.2, we first show that Aut(ΓPGL2(q)) contains a large subgroup isomor-

phic to (
LPGL2(q) ×RPGL2(q)

)
⋊ ⟨ψ, γθ⟩

in § 4.1. The rest of the proof builds up step by step that this subgroup is in fact equal to
Aut(ΓPGL2(q)). In § 4.2, we show that Aut(ΓPGL2(q)) embed into Sym(PG1(q)×PG1(q)), and
use this fact along with the intersection sizes of maximum cocliques to embed Aut(ΓPGL2(q))
into the automorphism group of the (q + 1) × (q + 1) grid graph or the Hamming graph
H(2, q + 1) in § 4.3. Using all these results, we finally give a proof to Theorem 1.2 in § 4.4.
We note that some of the arguments used in the early steps in §4.2 are inspired by arguments
used in [6], however, the rest of the proof of Theorem 1.2 requires techniques that are unique
to Möbius groups.

4.1. A large subgroup of automorphism. We will show that Aut(ΓPGL2(q)) admits a
large subgroup, which turns out to be the full automorphism group.

Since ΓPGL2(q) is a (left) Cayley graph, the celebrated result of Sabidussi [18] asserts that
LPGL2(q) ⩽ Aut(ΓPGL2(q)). The right-regular representation of need not be contained in the
automorphism group of a Cayley graph, in general. However, in the case of ΓPGL2(q), the
connection set is a union of conjugacy classes, and this implies RPGL2(q) ⩽ Aut(ΓPGL2(q)).
As PGL2(q) is centreless, we have ⟨LPGL2(q), RPGL2(q)⟩ = LPGL2(q) × RPGL2(q). See [10, § 3.1]
for details. The same argument can be used to show that ⟨LPΓL2(q), RPΓL2(q)⟩ = LPΓL2(q) ×
RPΓL2(q), but as we will see later, not every element of this group is an automorphism of
ΓPGL2(q).

Lemma 4.1. We have Aut(Fq) ∼= ⟨γθ⟩ ⩽ Aut(ΓPGL2(q)).

3that is, set of vertices that are pairwise non-adjacent.
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Proof. It is clear that Aut(Fq) = ⟨θ⟩ is isomorphic to ⟨γθ⟩. We note that g ∈ PGL2(q) fixes
u ∈ PG1(q) if and only if θ · g fixes θ(u). Hence, if g ∈ PGL2(q) is a derangement on PG1(q),
then so is θ · g. For any x, y ∈ PGL2(q), we have

γθ(x) ∼ γθ(y) ⇔ γθ(x)
−1γθ(y) has no fixed points in PG1(q)

⇔ γθ(x
−1y) = θ(x−1y)θ−1 = θ · (x−1y) has no fixed points in PG1(q)

⇔ x−1y has no fixed points in PG1(q)

⇔ x ∼ y.

Hence, γθ ∈ Aut(ΓPGL2(q)). □

Next, we define an action of Aut(Fq) as automorphism on LPGL2(q) × RPGL2(q). For any
g, g′ ∈ PGL2(q), we have

γθ(λgρg′)γ
−1
θ = (γθλgγ

−1
θ )(γθρg′γ

−1
θ ) = λθ·gρθ·g′ .

Therefore, LPGL2(q) ×RPGL2(q) P ⟨LPGL2(q) ×RPGL2(q), γθ⟩. If ϕ ∈ ⟨γθ⟩ ∩ (LPGL2(q) ×RPGL2(q))
is non-trivial, then ϕ = γiθ = λgρg′ for some 0 ⩽ i ⩽ k − 1 and g, g′ ∈ PGL2(q). Evaluating
γiθ = λgρg′ on the identity of PGL2(q), we have g′ = g, and consequently, λgρg′ = λgρg = γg.
We deduce that γiθ = γθi = γg. As PGL2(q)∩ ⟨γθ⟩ is trivial, we deduce that i = 0 and g = 1,
and thus ϕ is the identity element. Consequently, we obtain the next lemma.

Lemma 4.2. We have ⟨LPGL2(q) ×RPGL2(q), γθ⟩ =
(
LPGL2(q) ×RPGL2(q)

)
⋊ ⟨γθ⟩.

Recall that ψ : PGL2(q) → PGL2(q) is the map such that ψ(x) = x−1 for any x ∈
PGL2(q). Since the centre of PGL2(q) is trivial, it follows that ⟨LPGL2(q) × RPGL2(q), ψ⟩ =(
LPGL2(q) ×RPGL2(q)

)
⋊ ⟨ψ⟩. Moreover, for x ∈ PGL2(q), we have

θψ(x) = θ(x−1) =
(
x−1

)p
= (xp)−1 = ψ(xp) = ψθ(x).

In other words, ψ and θ commute. We deduce the following lemma whose proof is omitted.

Lemma 4.3. For any q, we have(
LPGL2(q) ×RPGL2(q)

)
⋊ (⟨ψ⟩ × ⟨γθ⟩) ⩽ Aut(ΓPGL2(q)).

For the remainder of the section, we show that equality in fact holds in Lemma 4.3.

4.2. An induced action on PG1(q)× PG1(q). For any u, v ∈ PG1(q), recall that

Su,v = {g ∈ PGL2(q) : g(u) = v} . (5)

We note that Su,u is the stabilizer of u ∈ PG1(q) in PGL2(q), and for any v ∈ PG1(q), the
set Su,v is a coset of Su,u.

For any triples (u1, u2, u3) and (v1, v2, v3) of PG1(q) with distinct entries, we have

|Su1,v1 ∩ Su2,v2 ∩ Su3,v3| = 1

due to the fact that PGL2(q) is sharply 3-transitive. As discussed before, PGL2(q) acts
intransitively on the set of quadruple of elements of PG1(q) with distinct entries, for q ⩾ 4,
and two quadruples (u1, u2, u3, u4) and (v1, v2, v3, v4) of elements of PG1(q) with distinct
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entries belong to the same orbit if and only if they have the same cross-ratio. Therefore, we
deduce that

|Su1,v1 ∩ Su2,v2 ∩ Su3,v3 ∩ Su4,v4| = 1 if and only if (u1, u2;u3, u4) = (v1, v2; v3, v4).

Let Ω = {Su,v : u, v ∈ PG1(q)}. As Ω is the set of all cocliques of maximum size in ΓPGL2(q),
the automorphism group Aut(ΓPGL2(q)) acts on Ω.

Lemma 4.4. The action of Aut(ΓPGL2(q)) on Ω is faithful.

Proof. Assume that ϕ ∈ Aut(ΓPGL2(q)) such that ϕ(Su,v) = Su,v for all u, v ∈ PG1(q). Then,
given g ∈ PGL2(q) we have

ϕ({g}) = ϕ

 ⋂
u∈PG1(q)

Su,g(u)

 ⊆
⋂

u∈PG1(q)

ϕ(Su,g(u)) =
⋂

u∈PG1(q)

Su,g(u) = {g}.

Hence, ϕ(g) = g for all g ∈ PGL2(q). Since Aut(ΓPGL2(q)) acts faithfully on the vertices of
ΓPGL2(q), we must have that ϕ is the identity map. □

Thus, we have the embedding Aut(ΓPGL2(q)) ↪→ Sym(Ω) ∼= Sym(PG1(q)× PG1(q)). Next,
we examine the intersection of elements of Ω. If ϕ ∈ Aut(ΓPGL2(q)), then

|ϕ(Su,v) ∩ ϕ(Su′,v′)| = |Su,v ∩ Su′,v′| (6)

for any u, v, u′, v′ ∈ PG1(q). Note that the latter holds more generally for permutations of
PGL2(q) that also permute Ω.

As previously discussed, the left-regular representation LPGL2(q) = {λg : g ∈ PGL2(q)} of
PGL2(q) is a subgroup of Aut(ΓPGL2(q)). Its action on Ω is as follows. For g ∈ PGL2(q)
and u, v ∈ PG1(q), we have λg(Su,v) = gSu,v = Su,g(v). Similarly, for g ∈ PGL2(q), we have
ρg(Su,v) = Su,vg

−1 = Sg(u),v.
We determine the intersection sizes of elements of Ω in the next lemma.

Lemma 4.5. If u, u′, v, v′ ∈ PG1(q), then

|Su,v ∩ Su′,v′ | =


q(q − 1) if u = u′ and v = v′

0 if u = u′ and v ̸= v′, or u ̸= u′ and v = v′

q − 1 if (u, v) ̸= (u′, v′).

Proof. Clearly, if u = u′ and v = v′, then Su,v = Su′,v′ , so the size of their intersection is
q(q − 1). The intersections Su,v ∩ Su,v′ where v ̸= v′ and Su,v ∩ Su′,v where u ̸= u′ are both
empty, otherwise the elements would not be a map in the former, and would not be injective
in the latter. Assume next that (u, v) ̸= (u′, v′). Let g ∈ PGL2(q) such that g(v) = u. Then,
by (6) we have

|Su,v ∩ Su′,v′| = |λg(Su,v) ∩ λg(Su′,v′)| =
∣∣Su,g(v) ∩ Su′,g(v′)

∣∣ = ∣∣Su,u ∩ Su′,g(v′)

∣∣ . (7)

Since PGL2(q) is 2-transitive on PG1(q), the stabilizer Su,u of u ∈ PG1(q) has two orbits,
namely {u} and PG1(q) \ {u}. Note that since (u, v) ̸= (u′, v′), we know that u′, g(v′) ∈
PG1(q)\{u}. Hence, there exists h ∈ Su,u such that h(g(v′)) = u′. Using this in (7), we have

|Su,v ∩ Su′,v′| = |Su,u ∩ Su′,g(v′)| = |hSu,u ∩ hSu′,g(v′)| = |Su,u ∩ Su′,u′|.



10

Note that Su,u ∩ Su′,u′ is the pointwise stabilizer of u and u′. As Su,u acts transitively on
PG1(q) \ {u}, by the orbit stabilizer lemma we have

|Su,u ∩ Su′,u′| = |Su,u|
|PG1(q) \ {u}|

=
q(q − 1)

q
= q − 1.

Hence, we deduce that |Su,v ∩ Su′,v′ | = q − 1. □

4.3. Reduction to the (q+1)×(q+1)–grid. For any integers d, q ≥ 1, the Hamming graph
H(d, n) is the graph whose vertex set consists of the d-tuples with entries from {0, 1, . . . , q−1},
and where two d-tuples are adjacent if they differ in exactly one entry or position. The graph
H(2, n) is also known as the n× n grid graph.

From Lemma 4.5, we know that the intersection sizes take exactly three values. From this,
we may define a graph that represents the structure of the intersection of elements of Ω. Let
Gq be the graph whose vertex set is PG1(q) × PG1(q), where two vertices (u, v) and (u′, v′)
are adjacent if |Su,v ∩ Su′,v′ | = 0. We illustrate G3 below.

Figure 1. The graph G3.

As the group Aut(ΓPGL2(q)) acts (faithfully) on Ω, it also acts (faithfully) on the vertices
Gq. To obtain this action, we view any ϕ ∈ Aut(ΓPGL2(q)) ↪→ Sym(Ω) as a mapping on
PG1(q)× PG1(q) to itself. We write

ϕ(u, v) = (u′, v′) ⇔ ϕ(Su,v) = Su′,v′ (8)

for any u, v, v′, v′ ∈ PG1(q) and ϕ ∈ Aut(ΓPGL2(q)). In fact, Aut(ΓPGL2(q)) does not only act
faithfully on PG1(q)× PG1(q), it also acts as automorphism of Gq.

Lemma 4.6. Any ϕ ∈ Aut(ΓPGL2(q)) induces an automorphism of Gq. In particular, Aut(ΓPGL2(q))
embeds into Aut(Gq).
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Proof. By Lemma 4.4, ϕ induces a permutation on PG1(q) × PG1(q). Given two vertices
(u, v) and (u′, v′) of Gq, we have

(u, v) ∼Gq (u
′, v′) ⇔ Su,v ∩ Su′,v′ = ∅

⇔ ϕ(Su,v) ∩ ϕ(Su′,v′) = ∅ ( by (6))
⇔ ϕ(u, v) ∼Gq ϕ(u

′, v′).

In other words, ϕ induces an automorphism of Gq. The rest of the proof is immediate. □

ϕ ∈ Aut(ΓPGL2(q)) ϕ ∈ Aut(Gq) Comments
λg (1, g; 1) g ∈ PGL2(q)
ρg (g, 1; 1) g ∈ PGL2(q)
ψ (1, 1;−1) swaps coordinates
γθ (θ, θ; 1) θ ∈ Aut(Fq)

Table 1. Images of certain automorphisms of Aut(ΓPGL2(q)) ↪→ Aut(Gq).

Using Lemma 4.5, the graph Gq is clearly isomorphic the Hamming graph H(2, q + 1) =
Kq+1□Kq+1. Consequently, we have Aut(Gq) = Sym(PG1(q)) ≀ C2 = (Sym(PG1(q)) ×
Sym(PG1(q)))⋊ C2, which consists of all triples

(σ, τ ; r) ∈ Sym(PG1(q))× Sym(PG1(q))× C2

such that

(σ, τ ; r)(i, j) =

{
(σ(i), τ(j)) if r = 1

(τ(j), σ(i)) if r = −1.

As Sym(PG1(q)) is centreless, we have

⟨LSym(PG1(q)), RSym(PG1(q)), ψ⟩ =
(
LSym(PG1(q)) ×RSym(PG1(q))

)
⋊ ⟨ψ⟩.

The group
(
LSym(PG1(q)) ×RSym(PG1(q))

)
⋊⟨ψ⟩ acts on Ω by permuting the indices in Ω. Define

the map

Φ :
(
LSym(PG1(q)) ×RSym(PG1(q))

)
⋊ ⟨ψ⟩ −→ (Sym(PG1(q))× Sym(PG1(q)))⋊ C2

λσρτψ
i 7−→ (τ, σ; (−1)i).

The map Φ is clearly a group isomorphism. Let Φ(ϕ) = ϕ is the permutation induced
by ϕ ∈ (LSym(PG1(q)) × RSym(PG1(q))) ⋊ ⟨ψ⟩ in PG1(q) × PG1(q). For any subgroup M ⩽
(LSym(PG1(q)) × RSym(PG1(q))) ⋊ ⟨ψ⟩, we define M = Φ(M). We give the image under Φ of
certain elements of Aut(ΓPGL2(q)) in its embedding into Aut(Gq) in Table 1; the proof is
straightforward, so we omit it.

We note that any (σ, τ ; (−1)i) ∈ Sym(PG1(q)) ≀ C2 can be expressed as the product

(σ, τ ; (−1)i) = (σ, τ ; 1)(1, 1; (−1)i) = (σ, τ ; 1)ψ
i
.

Since ψ ∈ Aut(ΓPGL2(q)), it is an easy exercise to show that there exists a subgroup K ⩽
Sym(PG1(q))× Sym(PG1(q)) ≤ Sym(PG1(q)) ≀ C2 such that

Aut(ΓPGL2(q))
∼= Aut(ΓPGL2(q)) = K⟨ψ⟩ = K ⋊ ⟨ψ⟩. (9)
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In particular,

Aut(ΓPGL2(q)) = Φ−1(K)⋊ ⟨ψ⟩. (10)

4.4. Proof of Theorem 1.2. In this section, we combine the results from the previous sec-
tions to determine the subgroup Φ−1(K), or equivalently, K ⩽ Sym(PG1(q))×Sym(PG1(q)).

For any g ∈ PGL2(q), recall from Table 1 that λg = (1, g; 1) and ρg = (g, 1; 1). Moreover,
we have γθ = (θ, θ; 1). It is therefore clear from Lemma 4.2 that

(LPGL2(q) ×RPGL2(q))⋊ ⟨γθ⟩ ⩽ K, (11)

whereK is the subgroup defined in (9). It is worth noting that a typical element of (LPGL2(q)×
RPGL2(q))⋊ ⟨γθ⟩ is of the form (gθi, g′θi; 0), where g, g′ ∈ PGL2(q) and 0 ⩽ i, i′ ⩽ k − 1.

Now, let ϕ ∈ Aut(ΓPGL2(q)) such that ϕ ∈ K. As K ≤ Sym(PG1(q)) × Sym(PG1(q)) ⩽
Sym(PG1(q)) ≀ C2, there exist two permutations σ, τ ∈ Sym(PG1(q)) such that

ϕ = (σ, τ ; 1) .

Claim 1. The permutations σ and τ lie in PΓL2(q).

Proof Claim 1. For any φ ∈ Aut(ΓPGL2(q)) and for any pair of quadruples (u1, u2, u3, u4) and
(v1, v2, v3, v4) with distinct entries from PG1(q), we have

|Su1,v1 ∩ Su2,v2 ∩ Su3,v3 ∩ Su4,v4| = |φ(Su1,v1) ∩ φ(Su2,v2) ∩ φ(Su3,v3) ∩ φ(Su4,v4)|.

Let us show that σgσ−1, τgτ−1 ∈ PGL2(q), for any g ∈ PGL2(q). For any four distinct
elements u1, u2, u3 and u4 of PG1(q), using the fact that ϕ and ρg are automorphisms of
ΓPGL2(q), we have

1 =

∣∣∣∣∣
4⋂

i=1

Sui,ui

∣∣∣∣∣ =
∣∣∣∣∣

4⋂
i=1

ϕ−1(Sui,ui
)

∣∣∣∣∣ =
∣∣∣∣∣

4⋂
i=1

(Sϕ−1(ui,ui)
)

∣∣∣∣∣ =
∣∣∣∣∣

4⋂
i=1

Sσ−1(ui),τ−1(ui)

∣∣∣∣∣
=

∣∣∣∣∣
4⋂

i=1

ρg(Sσ−1(ui),τ−1(ui))

∣∣∣∣∣ =
∣∣∣∣∣

4⋂
i=1

Sgσ−1(ui),τ−1(ui)

∣∣∣∣∣ =
∣∣∣∣∣

4⋂
i=1

ϕ(Sgσ−1(ui),τ−1(ui))

∣∣∣∣∣
=

∣∣∣∣∣
4⋂

i=1

(Sϕ(gσ−1(ui),τ−1(ui))
)

∣∣∣∣∣ =
∣∣∣∣∣

4⋂
i=1

Sσgσ−1(ui),ττ−1(ui)

∣∣∣∣∣ =
∣∣∣∣∣

4⋂
i=1

Sσgσ−1(ui),ui

∣∣∣∣∣ .
Hence, there is a unique element of PGL2(q) that maps the quadruples (u1, u2, u3, u4) to
(σgσ−1(u1), σgσ

−1(u2), σgσ
−1(u3), σgσ

−1(u4)). By Theorem 3.1, we must have

(u1, u2;u3, u4) =
(
σgσ−1(u1), σgσ

−1(u2); σgσ
−1(u3), σgσ

−1(u4)
)
,

for any quadruples (u1, u2, u3, u4) of PG1(q) with distinct entries. In other words, σgσ−1 ∈
PGL2(q) for any g ∈ PGL2(q). Thus, σ ∈ NSym(PG1(q))(PGL2(q)). Similarly, we can show
that τ ∈ NSym(PG1(q))(PGL2(q)) by using the automorphism λg ∈ LPGL2(q). The result now
follows from Theorem 3.2. □

From Claim 1, we deduce that K ⩽ LPΓL2(q) ×RPΓL2(q). Therefore, for φ ∈ Aut(ΓPGL2(q)),
we have

φ = (g, g′; (−1)i) = λg′ρgψi
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for some g, g′ ∈ PΓL2(q) and i ∈ {0, 1}. Since Φ is an isomorphism, we note that Φ−1(K) ≤
LPΓL2(q) ×RPΓL2(q), and by Lemma 4.3, we have(

LPGL2(q) ×RPGL2(q)

)
⋊ ⟨γθ⟩ ⩽ Φ−1(K) ⩽

(
LPΓL2(q) ×RPΓL2(q)

)
. (12)

Next, we determine the elements of LPΓL2(q) ×RPΓL2(q) that lie in Aut(ΓPGL2(q)).

Claim 2. Let g, g′ ∈ PGL2(q) and 0 ⩽ i, j ⩽ k − 1. Then, ρg′θjλgθi ∈ Aut(ΓPGL2(q)) if and
only if i = j. In this case, ρg′θjλgθi = ρg′λgγθi ∈ (LPGL2(q) ×RPGL2(q))⋊ ⟨γθ⟩.

Proof of Claim 2. The converse of the statement follows from Lemma 4.3. Now, assume that
ρg′θjλgθi ∈ Aut(ΓPGL2(q)). It is immediate that

ρg′θjλgθi ∈ Aut(ΓPGL2(q)) if and only if ρθjλθi ∈ Aut(ΓPGL2(q)).

As ρθjλθi ∈ Aut(ΓPGL2(q)), it is a permutation of PGL2(q). In particular, ρθjλθi(x) ∈ PGL2(q)
for any x ∈ PGL2(q). Since ρθjλθi(x) = θixθ−j, for x ∈ PGL2(q), we have θi PGL2(q)θ

−j ⊆
PGL2(q). The latter can only happen if i = j. □

We deduce from Claim 2 that the elements of Φ−1(K) must be of the form

λgθiρg′θi = λgρg′λθiρθi = λgρg′γθi ∈ (LPGL2(q) ×RPGL2(q))⋊ ⟨γθ⟩

for some g, g′ ∈ PGL2(q) and 0 ⩽ i ⩽ k − 1. By (12), we have

Φ−1(K) = (LPGL2(q)×RPGL2(q)
)⋊ ⟨γθ⟩.

Therefore, we conclude that

Aut(ΓPGL2(q)) = Φ−1(K)⋊ ⟨ψ⟩ = (LPGL2(q) ×RPGL2(q))⋊ ⟨γθ, ψ⟩,

thus proving Theorem 1.2.

5. Proof of Theorem 1.1

In order to prove Theorem 1.1, we use Theorem 1.2. Let C0 = {1}, C1, . . . , Cd be the
conjugacy classes of PGL2(q), and let I = {i : Ci consists of derangements}. Recall that
(PGL2(q),Rq) is the conjugacy class association scheme, where Rq = {R0, R1, . . . , Rd} whose
elements are defined in (4). By definition, we have

Aut(Rq) =
d⋂

i=1

Aut(Γi).

We note that the derangement graph ΓPGL2(q) is the union of all graphs in {Γi : i ∈ I}. On
the one hand, we have

Aut(Rq) =
d⋂

i=1

Aut(Γi)

⩽
⋂
i∈I

Aut(Γi)

⩽ Aut(ΓPGL2(q))

=
(
LPGL2(q) ×RPGL2(q)

)
⋊ ⟨ψ, γθ⟩ by Theorem 1.2.
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Recall that the conjugacy classes of PGL2(q) are closed under taking inverse. On the other
hand, by Lemma 2.1, we know that(

LPGL2(q) ×RPGL2(q)

)
⋊ ⟨ψ⟩ ⩽ Aut(R).

Combining the two expressions, we have

(LPGL2(q) ×RPGL2(q))⋊ ⟨ψ⟩ ⩽ Aut(R) ⩽ (LPGL2(q) ×RPGL2(q))⋊ ⟨ψ, γθ⟩. (13)

By (13), an element λgρg′ψiγθj ∈ (LPGL2(q)×RPGL2(q))⋊⟨ψ, γθ⟩ belongs to Aut(R) if and only
if γθj ∈ Aut(R). We claim that γθj ∈ Aut(R) only if j = 0. Assume by contradiction that
γθj ∈ Aut(R) where 1 ⩽ j ⩽ k−1. By definition, we have γθj ∈ Aut(Γi) for all 1 ⩽ i ⩽ d. In
addition, since γθj fixes the identity of PGL2(q), it is clear that γθj must leave all conjugacy
classes of PGL2(q) invariant. Since 1 ⩽ j ⩽ k − 1, there exists d ∈ Fq such that is θj(d) =
dp

j ̸= d. Considering the element g ∈ PGL2(q) such that g : x 7→ 1
dx

, we have θj ·g : x 7→ 1

dp
j
x
.

It is immediate that θj · g and g cannot be conjugate since 1 ⩽ j ⩽ k − 1, and we conclude
that θj does not preserve the conjugacy classes of PGL2(q). Hence, we obtain a contradiction,
and we must have j = 0. Using (13), we have Aut(R) =

(
LPGL2(q) ×RPGL2(q)

)
⋊ ⟨ψ⟩. This

completes the proof.

6. Proof of Theorem 1.3

Recall that the conjugacy classes of PGL2(q) are given in §3.2. Denote the conjugacy
classes of PGL2(q) by C0, C1, . . . , Cd where g0 = 1 ∈ C0, g1 ∈ C1, . . . , gd ∈ Cd are distinct
representatives. As before, let Ri be the relation corresponding to the conjugacy class Ci as
defined in (4) for 0 ⩽ i ⩽ d. Finally, let Rq = {R0, R1, . . . , Rd}.

Suppose that 1 ⩽ i ⩽ d is such that Ci is the conjugacy class of containing h : z 7→ z + 1.
By Theorem 1.1, we know that Aut(R) = (LPGL2(q) × RPGL2(q))⋊ ⟨ψ⟩. The stabilizer of the
identity element of PGL2(q) in Aut(R) is the subgroup

K =
{
λgρgψ

j : g ∈ PGL2(q) and 0 ⩽ j ⩽ 1
}
= Inn(PGL2(q))× ⟨ψ⟩.

Therefore, K acts transitively on every conjugacy class of PGL2(q).
As gi and h are in the same conjugacy class, we know that dim(E∗

i T̃E
∗
i ) is the number

of orbits of K contained in Cgi × Cgi ; see [15]. By transitivity of K on Ci, this number is
exactly the number of orbits of the subgroup of K fixing h on the set Cgi . Let us now find
the subgroup Kh.

If q is odd, then let g : z 7→ a−1z, where a ∈ F∗
p is a primitive element, and let

h∗ = g
q−1
2 . We note that h∗h(h∗)−1 = h−1, and NPGL2(q)(⟨h⟩) = Eq ⋊ ⟨g⟩; see §3.3. Since

(γh∗ψ)γg(ψ
−1γ−1

h∗ ) = γh∗g(h∗)−1 for any g ∈ Eq, we deduce that ⟨γh∗ψ⟩ normalizes the subgroup
{γg : g ∈ Eq}, and it is not hard to see that

{γg : g ∈ Eq}⟨γh∗ψ⟩ = {γg : g ∈ Eq}⋊ ⟨γh∗ψ⟩.
If q is even, then h is an involution, and by §3.3, we know that NPGL2(q)(⟨h⟩) = Eq. For any
g ∈ PGL2(q), we have ψγgψ−1 = γg, and we deduce that

{γg : g ∈ Eq}⟨ψ⟩ = {γg : g ∈ Eq} × ⟨ψ⟩.
In the next lemma, we show that the above subgroups are the stabilizers of h in K.

Lemma 6.1. The following statements hold.
(a) If q is odd, then Kh = {γg : g ∈ Eq}⋊ ⟨γh∗ψ⟩.
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(b) If q is even, then Kh = {γg : g ∈ Eq} × ⟨ψ⟩.

Proof. (a) Assume that q is odd. It is immediate that γg ∈ Kh for any g ∈ Eq, and γh∗ψ(h) =
γh∗(h−1) = h, so γh∗ψ ∈ Kh. Consequently, we have {γg : g ∈ Eq}⋊ ⟨γh∗ψ⟩ ⩽ Kh.

Assume that γgψi ∈ Kh for some g ∈ PGL2(q) and 0 ⩽ i ⩽ 1. If i = 0, then h = γg(h) =
ghg−1, thus g ∈ Eq. In this case, γgψi ∈ {γg : g ∈ Eq}. If i = 1, then h = γgψ(h) = gh−1g−1,
and thus g ∈ Eqh

∗. In this case, there exists x ∈ Eq such that g = xh∗, and γgψi = γxh∗ψ =
γxγh∗ψ ∈ {γg : g ∈ Eq}⋊ ⟨γh∗ψ⟩. We deduce that Kh = {γg : g ∈ Eq}⋊ ⟨γh∗ψ⟩.

(b) Assume that q is even. It is immediate that {γg : g ∈ Eq}×⟨ψ⟩ ⩽ Kh. Given γgψi ∈ Kh

with g ∈ Eq and 0 ⩽ i ⩽ 1, we have γgψi(h) = γg(h) = ghg−1 = h. Therefore, we have
K = {γg : g ∈ Eq} × ⟨ψ⟩. □

Now, we give a lower bound on the number of orbits of Kh on Ci.

Lemma 6.2. The group Kh has at least 3
2
(q − 1) orbits on Ci.

Proof. Since every element of order p is conjugate to h, every non-identity element of Eq is
conjugate to h. Now, it is immediate that Kh fixes every non-identity element of Eq, which
determines q − 1 orbits. Noting that |Ci| = q2 − 1, the number of orbits of Kh on Ci is
therefore at least

(|Eq| − 1)− |Ci|
|Kh|

=

{
q − 1 + q2−1−(q−1)

2q
= 3

2
(q − 1) if q is odd,

q − 1 + q2−1−(q−1)
2q

= 3
2
(q − 1) if q is even.

This completes the proof. □

Proof of Theorem 1.3. Assume that the association scheme (PGL2(q),Rq) is triply transitive,
that is, T0 = T̃ .

Suppose that q is odd. As E∗
iAjE

∗
i ̸= 0 ⇔ piij ̸= 0, the dimension of E∗

i T0E
∗
i is therefore

equal the size of the set {j : piij ̸= 0}. Therefore, dimE∗
gi
T0E

∗
gi

is at most the number of
conjugacy classes of PGL2(q), which is equal to q + 2. By Lemma 6.2, we deduce

dimE∗
i T0E

∗
i ⩽ q + 2 <

3

2
(q − 1) ⩽ dimE∗

i T̃E
∗
i ,

whenever q > 7. The case q = 7 can be verified using Sagemath [22]. For q = 7, we
have dimT0 = 278 whereas dim T̃ = 391. In particular, we have dimE∗

i T0E
∗
i = 5 and

dimE∗
i T̃E

∗
i = 12. For q = 5, since PGL2(5) ∼= Sym(5), by [1, Theorem 1], we deduce that

T0 ̸= T̃ . For q = 3, we have PGL2(3) ∼= Sym(4), and by [3], we have T0 ̸= T̃ .
Suppose that q is now even. Using Lemma 6.2, we have

dimE∗
i T0E

∗
i ⩽ q + 1 <

3

2
(q − 1) ⩽ dimE∗

i T̃E
∗
i ,

whenever q > 5. For q = 4, we have PGL2(4) ∼= Alt(5) and dimE∗
i T̃E

∗
i = 6, whereas

dimE∗
i T0E

∗
i = 5. For q = 2, we have PGL2(2) ∼= Sym(3). It was shown in [3] that the

association scheme of the latter is triply transitive.
Consequently, if (PGL2(q),R) is triply transitive, then q = 2. The converse holds imme-

diately. □
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