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ABSTRACT. We study properties of the group association scheme of the Mobius group
PGLy(q), where ¢ is a prime power. First, we determine the automorphism group of the
scheme by finding the automorphism group of the derangement graph of the permutation
group PGLy(q) acting on the projective line PG1(g). In particular, we show that the auto-
morphism group of the scheme is generated by the left-regular representation of PGLs(g), the
right-regular representation of PGLsy(¢), and the anti-automorphism of PGLs(g) mapping
an element to its inverse. Then, we use the automorphism group to show that the scheme is
triply transitive if and only if ¢ = 2.

1. INTRODUCTION

Let © be a finite nonempty set. An association scheme on () is a pair (2, %) where
X = {Roy, Ry, ..., Ry} is a partition of 2 x Q with the properties:
(AS1) Ry = {(w,w) : w € Q},
(AS2) for any 0 < i < d, the relation R} = {(5,«) : (o, ) € R;} belongs to Z,
(AS3) for any 0 < 4, j, k < d, there exists a non-negative integer pfj such that if (o, ) € Ry,
then

Hw e Q: (o,w) € R; and (w, ) € R;}| :Pff

A pair (2, Z) satisfying (AS1)-(AS3) with |#Z| = d + 1 will also be referred as a d-class
association scheme. It is worth noting that there is no consensus on the definition of what
an association scheme is, and the standard textbooks (see [2]) on this topic all have slightly
different ways of defining these objects. The association schemes in our definition, i.e. those
satisfying in (AS1)-(AS3), are also known as homogeneous coherent configurations. If in
addition we have pfj = p;?i for all 0 < 4,7,k < d, then we say that the association scheme
(%) is commutative. If Rf = R; for any 0 < i < d, then (2,%) is a symmetric
association scheme.

Given a d-class association scheme (Q,%Z = {R;}L,), for any 1 < i < d, we let T'; be
the digraph whose vertex set is €2, and whose set of arcs is R;. Note that, for 1 < < d,
R = R; if and only if I'; is an undirected graph. The adjacency matrix of the digraph I';
is denoted by A; for 1 < ¢ < d. Moreover, we let Ay be the diagonal matrix in Mq(C). A
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combinatorial automorphism of (2, %) is a permutation of () preserving each relation in
2, that is, an element in the intersection of all automorphism groups of the graphs (I';);.
The automorphism group of the association scheme (€2, %) is defined to be the group

Aut(%) := () Aut(T;). (1)

Equivalently, Aut(#) can also be viewed as the matrix group
{P € Mq(C) : P is a permutation matrix such that A;P = PA;, for 1 <i<d}.

The Terwilliger algebra of an association scheme is an important tool introduced by Paul
Terwilliger in [19, 20, 21| to study the so-called P- and @-polynomial association schemes. As
such, these algebras were first introduced for these types of schemes, but nevertheless, they
can also be defined broadly on any association schemes. The drawback is however that the
structure of these algebras become much more complex in the non-P- and non-Q)-polynomial
cases. For examples, the Terwilliger algebras of the group association scheme of Sym(n) is
only well-understood for 3 < n < 7; see [1, 3, 10]. Thus, other structures that approximate
the Terwilliger algebra are very important.

We formally define what a Terwilliger algebra now. Given a d-class association scheme
(% = {R;}) and a vertex w € Q, for any 0 <4 < d, we define the diagonal matrix E,
such that

1 if (w,a) € Ry,

0 otherwise.

Ef (o, a) = {

The Terwilliger algebra of the association scheme (€2, %) with respect to a vertex w € §)
is the subalgebra of Mq(C) given by

Ty = (Ao, Avy .o Agy B Ef s ESL). (2)

Note that two Terwilliger algebras defined with respect to two vertices need not be isomorphic.
However, if w and w’ are in the same orbit of Aut(#), then T, and T,, are isomorphic C-
algebras. For any g € Aut(Z%), we let P, be the corresponding permutation matrix in Mq(C).
Two important structures related to the Terwilliger algebra T, are its subspace 1, and the

centralizer algebra T,,. The former is defined as the subspace
Tow = Spanc { Ef JA;E; , 1 0 <i,j,k < d},
while the latter is
T, = {A € Mq(C) : P,A= AP,, g € Aut(Z),,} .

In other words, T}, is the centralizer algebra of the group stabilizer Aut(Z%),, of w in Aut (Z).
It is immediate that Ty, C T,,. The adjacency matrices of the graphs (I';); are clearly in T,

by definition of Aut(Z), and it is not hard to show that Ef € T, for any 0 < i < d; see [10].
Therefore, for any w € €2, we have

TO,w g Tw g Tow (3)

It T, =1, = T, w, then the Terwilliger algebra enjoys both combinatorial and algebraic
structures from 7y, and Tw, respectively. Indeed, the equality Ty, = 7., implies that the
subspace T, is closed under multiplication, which turns out to be a property equivalent to
the association scheme (Q, %) being triply regular (see [3, 17]). The algebra T, admits a
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basis consisting of matrices corresponding to orbits of Aut(Z%),, acting on 2 x 2. Moreover, it
is semisimple and its Wedderburn decomposition can be obtained directly from the action of
the point stabilizer Aut(Z%),. Therefore, the equality T, = T., imposes very strong algebraic
structures on the Terwilliger algebra.

Whenever Aut(%) is transitive on Q and Ty, = T, = T, w, then we say that the associ-
ation scheme (2, Z) is triply transitive. This notion was first introduced by Bannai and
Munemasa in [3], where they studied the Terwilliger algebras of association schemes arising
from conjugacy classes of groups. The automorphism groups of such association schemes
are always transitive, so the definition given in [3] only requires Ty, = T, = T.,. Other
papers on triply transitive association schemes arising from groups have also appeared in
[1, 4, 5, 9, 10, 14, 23, 24]. Recently, works on this property for more general association
schemes have also appeared in the literature |11, 13, 15].

Given a finite group G with identity 1, we may define an association scheme from the
conjugacy classes of G. If Cy = {1}, C4,...,Cy are the distinct conjugacy classes of G, then
define

Rz:{(a,ﬁ) GGXGZ@_IﬂEOi} (4)

for 0 < ¢ < d. Then, it is easy to see that (G, %), with Z = {R;}%,, is a commutative
association scheme. This association scheme is the conjugacy class scheme or the group
assoctation scheme of G. Group schemes are important classes of association schemes since
much information on them can be extracted using the underlying algebraic structure—the
group. For instance, their character tables or first eigenmatrices can be computed directly
using the normalized irreducible characters of G. They also have applications in the study
of Erdés-Ko-Rado type problems (see [§]).

The group G acts regularly as a subgroup of Aut(Z) by left multiplication on itself. Hence,
Aut(Z) is always transitive, and thus the Terwilliger algebras T, and T, are isomorphic
for any ¢g,g € G. Consequently, we will always define the Terwilliger algebras of group
association schemes with respect to the identity element 1 of G. Moreover, we will henceforth
use the notations Ty := Ty, T := T}, and T:=T.

This paper focuses on properties of the group association schemes arising from the Md6bius
group’ PGLy(q); see Section 3 for the definition. For any prime power g, let %, be the
relations defined in (4) with G = PGLa(q). First, we determine the automorphism group of
the scheme (PGLy(q), #,). The first main result is stated below.

Theorem 1.1. For any prime power q, we have

AUt(%q) = (LPGLg(q) X RPGLQ(q)) A <¢>>

where Lpgr,(q) and Rpar,q) are respectively the left-reqular and right-regular representations
of PGLy(q), and v is the anti-automorphism mapping x € PGLy(q) to its inverse.

In order to prove Theorem 1.1, we first find the automorphism group of a graph defined
in relation to the Erdgs-Ko-Rado theorem of PGLs(g), and then we deduce Aut(%,) from
this group. The graph in question is the derangement graph of the group PGLy(g) in its
natural transitive action on PGi(g). We note that derangement graphs can be defined for
any transitive permutation group (see [8]), but for our purpose, we only consider the one for
PGL5(¢) in its action on PGi(gq). Recall that a derangement in a finite transitive group G <

Lalso known as the projective general linear group of degree 2
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Sym(€2) is a fixed-point-free permutation. The derangement graph I'pcr, () of PGLy(q) <
Sym(PG;(q)) is the Cayley graph Cay(PGL2(q), Dpar,(q)), Where

Dpcryq) = {9 € PGLa(q) : g(w) # w, for all w € PGy(q)}.

That is, I'par,(g) is the Cayley graph of PGLy(q) whose connection set consists of all derange-
ments of PGL;(¢) in its natural action on PGy (g). It is immediate that the graph I'pgr,(q) is
the union of graphs from (PGL4(q), %,), corresponding to conjugacy classes of derangements.
The automorphism group of the derangement graph I'pgr,(q) is stated in the next theorem.

Theorem 1.2. For any power q of a prime number, we have

Aut(TpaLy(g) = (Lpcry(g) X Rrara) ¥ ((¥) X YawE,))
where:

o Lpgiy(g) s the left-reqular representation of PGLy(q),

® Rpgr,(g) @5 the right-regular representation of PGLa(q),

® Yaut(F,) 5 the group of conjugation by elements of the field automorphism Aut(FF,), and
e ¢ : PGLy(q) — PGLy(q) is the anti-automorphism mapping an element to its inverse.

Next, we focus on the triple transitivity of the group association scheme of PGLy(q). We
use Theorem 1.1 to determine certain properties of the centralizer algebra 7', and this enables
us to classify all ¢ for which the scheme (PGL2(q), %,) is triply transitive.

Theorem 1.3. The association scheme (PGLy(q), %Z,) is triply transitive if and only if ¢ = 2.

This paper is organized as follows. In Section 2, we give some background results on
group actions and automorphism group of schemes. In Section 3, we recall some important
properties of PGLy(q) that will be used in the proof of the main results. Section 4 is devoted
to finding the automorphism group of the derangement graph of PGLs(g), and Section 5
deals with the proof of Theorem 1.1. Finally, we give a proof of Theorem 1.3 in Section 6.

2. BACKGROUND RESULTS

2.1. Group actions. All groups considered in this paper are finite, and all digraphs are
simple. All groups actions are left actions, that its, a group G with identity element 1 acts
on a set € if there exists a map a : G x © — € such that for any ¢,¢ € G, we have
a(gg',w) = a(g,a(d,w)) and a(l,w) = w, for w € . The group G acts faithfully on ) if
{g€G:alg,w) =w,Vwe Q} ={1}.

Given a group G, we define the maps A, : G — G and p, : G — G such that \,(z) = gz
and py(z) = xg7', for x € G. The sets Lg = {\, : g € G} and Rg = {p, : g € G} are
subgroups of Sym(G), and they are respectively called the left-regular representation and
the right-regular representation of the group G. If K is an overgroup containing G as a
normal subgroup, then for any k € K, let v, : G — G such that v.(z) = kzk™! for z € G.
It is not hard to see that v, = A\ppx for any k € K. The group Lg and Rg commute, and if
Z(@) is trivial, then (Lg, Rg) = Lg X Rg. See [10] for details.

2.2. Automorphism groups of group association schemes. Let G be a group with
identity element denoted by 1. Denote the conjugacy classes of G by Cy = {1},C4, ..., Cy.
If Z ={Ro,Ry,...,Rq}, where R; = {(g,h) : g7*h € C;} is the set defined in (4), then we
have seen before that (G, %) is a commutative association scheme — the group association
scheme of G. The digraph I'; = (G, R;) is clearly the Cayley digraph Cay (G, C;) for 1 < i < d.
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Therefore, Lg < Aut(T;) for all 1 <4 < d. Since C; is a conjugacy class, the connection set
of I'; is closed under conjugation, and consequently, Rg < Aut(l';) for all 1 <i < d.

If ¢ : G — G such that ¥(z) = 7! for € G, then (C;) is also a conjugacy class for
1 <@ <d. Thus, for any 1 < < d, it is clear that 1 is an automorphism of I'; if and only if C;
is closed under taking inverse. We conclude that if G admits a non-inverse closed conjugacy
class, then ¢ ¢ Aut(Z#). For any g € G, we note that YA\~ = p,-1 and Ppgp~t = \j-1.
In other words, 1) normalizes (Lq, Rg).

We deduce that the group (Lg, Rg, ) < Aut(T;) for all 1 < ¢ < d, whenever the conjugacy
classes of GG are inverse closed. Hence, we obtain the following lemma.

Lemma 2.1. Let G be a group whose centre is trivial, and whose conjugacy classes are
inverse closed. If (G, %) is its group association scheme, then

(LG X RG) X <1/1> < Aut(%)

3. THE PROJECTIVE GENERAL LINEAR GROUPS OF DEGREE TWO

Let ¢ = p* be the power of a prime p, where & > 1 is an integer. The finite field on
q elements is denoted by F,. We denote the projective line over F,, i.e. the set of all 1-
dimensional subspaces of F7, by PGi(q). The elements of PGy(¢) are the ¢ + 1 subspaces

given by <m> z € F, and <H>

Thus, we may view PGy (¢) as F, with an additional point at infinity, i.e., PG;(¢) = F,U{oo}.
The projective general linear group PGLy(g) is the group of all Mébius transformations,
that is, transformations of the form h : PGy(¢) — PGi(q) such that

az+b

h pu—
(2) cz+d
where ad — ¢d # 0, and with the rules: — =0, £ = oo for ¢ # 0 and h(oco0) = 2.

C

3.1. Cross-ratios and orbits. The group PGLy(q) acts transitively on PG;(q). The sta-
bilizer of oo € PG(¢) in this action of PGLz(g) is a Borel subgroup of PGLy(¢q), which is
therefore of order ¢(q — 1), isomorphic to AGL;(g). This subgroup acts transitively on the
remaining ¢ points of PG(q), so the action of PGLy(q) on PGi(q) is also 2-transitive®. In
addition, it is well known that this action of PGLy(q) is sharply 3-transitive, so for every
triples (x,y, z) and (2, ¢/, 2’) of elements of PG;(q) with distinct entries, there exists a unique

g € PGLy(q) such that ((2), 9(y), 9(2)) = (z',1/, ).
Given four distinct elements x,y, z,t € PGi(q), their cross-ratio is

(z —2){t -y
(z = y)(t - =)
The cross-ratio is an invariant of PGLy(gq) in the sense that if g € PGLy(q), then we have

(9(z),9(y);9(2),9(t)) = (x,y; z,t) for any distinct z,y, z,t € PG1(q). In fact, this invariant
determines whether an element of Sym(PGq(q)) is in PGL4(g) or not.

(x,y;2,t) =

%that is, it is also transitive on the set of ordered pairs of elements of PG (g) with distinct entries
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Theorem 3.1. A permutation of PGi(q) belongs to PGLa(q) if and only if it preserves the
cross-ratio of any four distinct elements of PGi(q).

By sharp 3-transitivity, the group PGLs(g) acts intransitively on the set all quadruples of
PGi(q) with distinct entries, whenever ¢ > 4. Given two quadruples with distinct entries
(u,v,w,t) and (v, v, w',t") of PGy(q), there exists at most one element of PGLs(¢) mapping
one to the other. If g € PGLs(q) is such that (g(u), g(v), g(w), g(t)) = (v, v, ', '), then by
Theorem 3.1 we have the cross-ratio equality

(u,v;w,t) = (v, 050 1),

Denote the Frobenius automorphism of F, by 6, that is, 6 : F, — F, such that 0(x) = z?
for all x € F,. It is well known that Aut(FF,) = Aut(F,/IF,) = () = Zj, where k = log,(q).

The group Aut(F,) acts as automorphism of PGLy(g) via the following action. For any
h:z— % in PGLy(q), we have
O(a)z + 60(b)
0(c)z+0(d)
Then, the projective semilinear group of degree 2 over F, is the group denoted by PI'Ly(q) =
PGL4(q) x Aut(F,) = PGL2(g) x (f) with multiplication

(90")(ho") = g(0" - h)o"™+

for any g,h € PGL2(gq) and 0 < 4,j < k—1. We note that by the property of the semi-direct
product, we have 6 - h = 0h6~!, for any h € PGLa(q).

Next, we state an important theorem that will be used in the proof of the main result.
This result can be derived from the Fundamental Theorem of Projective Geometry [12,
Chapter 2(ii)| or from a group theoretic result from |7, Page 245]|.

Theorem 3.2. We have Ngympa, (q))(PGL2(q)) = PI'Ls(q).

0-h:z—

3.2. Conjugacy classes. The conjugacy classes of PGLs(q) are determined by the canonical
forms of matrices in the group GLs(q) of 2 x 2 invertible matrices with entries in F,. Note

that PGLy(q) = GLa(q)/Z(GLa(q)), and the element h € PGLs(g) such that h : z +— ZIS

corresponds to the congruence class of all scalar multiples of the matrix (‘C’ Z) Any element

of PGLs(q) is therefore conjugate to an element of the form:

10 . . . .
(1) ( a) , where o € F;. The corresponding map is 2 +— Z.

(2) ((1) }) , corresponding to the map z — 2 + 1.

—pratl

1 r+rd 24 (rtrd)”

We note that every conjugacy class of PGLs(q) is closed under inversion. In particular,
any g € PGLa(q) is conjugate to its inverse by an involution.

_pqtl
(3) (0 " ), where r € F2 \ F,. The corresponding map is z

3.3. Centralizer and normalizer of non-diagonalizable elements. Let h € PGLy(q)
such that h: 2 — 24 1. Every element of order p is conjugate to h. The centralizer of A in
PGL2(q) is the subgroup

Crary(q((h) = Eq:={9 € PGLa(q) |g: 2= 2+ a:acF}.
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Note that the group Cpgr, g ((h)) is a Sylow p- subgroup of PGLy(q). The size of the conju-

a"-1) _

gacy class of PGLy(q) containing h is therefore £ q?> — 1. Using matrix representation,

it is not hard to see that the normalizer of (h) is the group

Npcr, ) ((h) = {g € PGLy(q) | g: z— ZZ“,a eF,be IF;} ,

whenever ¢ is odd. If ¢ is even, then the normalizer of (h) is given by

NpcL,((h) = {9 € PGLa(q) | g: 2= 2+ a, a €F } = E,.

4. PROOF OF THEOREM 1.2

Cocliques® in derangement graphs have important applications in Erdés-Ko-Rado combi-
natorics of transitive groups. In [16], it was shown that the cocliques of the derangement
graph I'pgr, (), for the permutation group corresponding to the action of PGLy(q) on PG4 (q),
have size at most ¢* — ¢q. Moreover, a coclique of maximum size in I'pgr, () must be of the
form

Suw = {9 € PGLa(q) : g(u) = v},

for some u,v € PGy(q).
To prove Theorem 1.2, we first show that Aut(I'par,(g)) contains a large subgroup isomor-
phic to

(Lrcra(g) X Recryg) * (¥,7)

in § 4.1. The rest of the proof builds up step by step that this subgroup is in fact equal to
Aut(I'pgry(q))- In § 4.2, we show that Aut(I'pgr,(g)) embed into Sym(PGi(q) x PGi(q)), and
use this fact along Wlth the intersection sizes of maximum cocliques to embed Aut(I'pgr,(q))
into the automorphism group of the (¢ + 1) x (¢ + 1) grid graph or the Hamming graph
H(2,q+ 1) in § 4.3. Using all these results, we finally give a proof to Theorem 1.2 in § 4.4.
We note that some of the arguments used in the early steps in §4.2 are inspired by arguments
used in [6], however, the rest of the proof of Theorem 1.2 requires techniques that are unique
to Mobius groups.

4.1. A large subgroup of automorphism. We will show that Aut(I'pgr,)) admits a
large subgroup, which turns out to be the full automorphism group.

Since I'pgr,(q) is a (left) Cayley graph, the celebrated result of Sabidussi [18] asserts that
Lpgry(g) < Aut(I'par,(q))- The right-regular representation of need not be contained in the
automorphlsm group of a Cayley graph, in general. However, in the case of I'pgr,(q), the
connection set is a union of conjugacy classes, and this implies Rpgr,q) < Aut(I'par,(q))-
As PGL;(q) is centreless, we have (Lpar,(q)s RPGLa(q)) = LpcLa(q) X Rpary(q)- See [10, § 3.1]
for details. The same argument can be used to show that <LPFL2 s Rpri,(q) = Leriy(q) X
Rpri,(q), but as we will see later, not every element of this group is an automorphism of

I'para(g)-

Lemma 4.1. We have Aut(F,) = (79) < Aut(I'pary(g))-

3that is, set of vertices that are pairwise non-adjacent.
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Proof. 1t is clear that Aut(FF,) = (#) is isomorphic to (79). We note that g € PGLy(q) fixes
u € PGy(q) if and only if 6 - ¢ fixes 6(u). Hence, if g € PGL2(q) is a derangement on PGy (q),
then so is 0 - g. For any =,y € PGLy(q), we have

v8() ~ v0(y) < 7a(x) "' 6(y) has no fixed points in PG1(q)
& y(z7ty) = 0(x'y)0' =0 - (v 'y) has no fixed points in PG;(q)
& x7 'y has no fixed points in PG, (q)
ST~y
Hence, v9 € Aut(I'pary(q))- O

Next, we define an action of Aut(FF,) as automorphism on Lpqgr,) X Rpcr,(q)- For any
9,9 € PGLy(q), we have

Yo(Agpg )5 = (VA Ye ) (V0P Ve ) = No-gP-g'-

Therefore, Lpgr,(q) X RraLy(q) < (Lpcrs(g) X Brav.(g),Y6)- If ¢ € (30) N (Lrcrag) X BraLs(q)
is non-trivial, then ¢ = ) = A\,py for some 0 < i <k —1 and ¢,¢" € PGLy(q). Evaluating
Y4 = Agpy on the identity of PGLy(q), we have ¢’ = g, and consequently, A\,py = A\gpy = 7,-
We deduce that v; = 74 = 7,. As PGLa(q) N (7e) is trivial, we deduce that s = 0 and g = 1,
and thus ¢ is the identity element. Consequently, we obtain the next lemma.

Lemma 4.2. We have <LPGL2(q) X RPGLQ(q)7’79> = (LPGLg(q) X RPGLg(q)) X <’79>.

Recall that v : PGLy(q) — PGLy(q) is the map such that ¢(x) = 2! for any = €
PGLy(q). Since the centre of PGLy(q) is trivial, it follows that (Lpgr,q) X Rpara(g), V) =
(Lpcrag) X Reary(g) * (). Moreover, for 2 € PGLy(g), we have

Op(x) = 0(z7") = (71)" = (a") 7 = ¥(a?) = ¥o(x).
In other words, ¥ and 8 commute. We deduce the following lemma whose proof is omitted.

Lemma 4.3. For any q, we have

(LpaLy(q) X RpaLy(g) % (1) X (19)) < Aut(Tpary(g))-

For the remainder of the section, we show that equality in fact holds in Lemma 4.3.

4.2. An induced action on PG;(q) X PGy(q). For any u,v € PGy(q), recall that
Su,v - {g € PGLQ(Q) : g(u) = U} : <5>

We note that S, ,, is the stabilizer of u € PG1(q) in PGL4y(g), and for any v € PGy(q), the
set Sy is a coset of S, .
For any triples (uq,us,u3) and (vy, vq, v3) of PGq(q) with distinct entries, we have

’Sul’vl m SU27U2 m SUSy’US‘ = 1

due to the fact that PGLq(g) is sharply 3-transitive. As discussed before, PGL2(q) acts
intransitively on the set of quadruple of elements of PG;(q) with distinct entries, for ¢ > 4,
and two quadruples (uy,us,us,uy) and (vq,ve,vs,v4) of elements of PGi(q) with distinct
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entries belong to the same orbit if and only if they have the same cross-ratio. Therefore, we
deduce that

[Sus 00 N Sugve N Sugws N Susws] = 11if and only if (uy, ug; ug, ug) = (v1, ve;v3,v4).

Let Q = { Sy : u,v € PGy(q)}. As Q2 is the set of all cocliques of maximum size in I'pgr, (q),
the automorphism group Aut(I'pgr,(g)) acts on Q.

Lemma 4.4. The action of Aut(I'par,g)) on §2 is faithful.

Proof. Assume that ¢ € Aut(I'par,(q)) such that ¢(S,,) = Sy, for all u,v € PG;(g). Then,
given g € PGLy(q) we have

s{g) =0 [ Swsw | S [) Sugw)= [ Sugw ={g}-

uePG1(q) uePG1(q) uePG1(q)

Hence, ¢(g) = g for all g € PGLy(q). Since Aut(I'par,(q)) acts faithfully on the vertices of
I'paL,(q), We must have that ¢ is the identity map. O

Thus, we have the embedding Aut(I'pgr,(g)) — Sym(£2) = Sym(PGi(q) x PGy(q)). Next,
we examine the intersection of elements of Q2. If ¢ € Aut(I'pgr,(q)), then

|¢(SU,U) N ¢(SU’,U’)| = |Su,v N SU’,v’| (6>

for any u,v,u’;v" € PGy(q). Note that the latter holds more generally for permutations of
PGLs(q) that also permute (2.

As previously discussed, the left-regular representation Lpgr,q) = {Ag : ¢ € PGLa(q)} of
PGLy(q) is a subgroup of Aut(I'pgr,(g))- Its action on Q is as follows. For g € PGLs(q)
and u,v € PGy(q), we have A\(Syuv) = 9Suv = Sug(v)- Similarly, for g € PGLy(q), we have
Pg(Su,v) = SU,vg_l = Sg(U)ﬂ)'

We determine the intersection sizes of elements of €2 in the next lemma.

Lemma 4.5. If u,u’,v,v" € PGy(q), then
q(g—1) ifu=u andv =1
|Suw N Sw | =<0 ifu=1u" andv #v, oru#u andv="1'

a—1 i (wo) # (W),

Proof. Clearly, if u = v’ and v = ¢/, then S,, = Sw ., so the size of their intersection is
q(q¢ — 1). The intersections S, , N Sy, where v # v" and S, , N Sy, where u # ' are both
empty, otherwise the elements would not be a map in the former, and would not be injective
in the latter. Assume next that (u,v) # (uv/,v’). Let g € PGLy(¢) such that g(v) = u. Then,
by (6) we have

|Su,v N Su’,v’| - |>\g(Su,v) N )‘g<S'U/,’U’)| - ‘Su,g(v) N Su’,g(v’)l - |Su,u N Su’,g(v’) . (7)

Since PGLy(q) is 2-transitive on PGy(q), the stabilizer S, , of u € PG;(q) has two orbits,
namely {u} and PGi(q) \ {u}. Note that since (u,v) # (u/,v’), we know that v, g(v') €
PGi(q) \ {u}. Hence, there exists h € S,,,, such that h(g(v')) = «’. Using this in (7), we have

’Su,v N Su/,v" = |Su,u N Su’,g(v’)‘ = ’hsu,u N hSu’,g(v’)‘ = ’Su,u N Su’,u”-
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Note that Sy, N Sy is the pointwise stabilizer of v and «'. As S,, acts transitively on
PGi(q) \ {u}, by the orbit stabilizer lemma we have

| Sl q(q—1)
\Su,uﬂSugud = : = =q — 1.
| PGi(g) \ {u}] q
Hence, we deduce that Sy, NSy | =q— 1. O

4.3. Reduction to the (¢+1) x (¢+1)—grid. For any integers d, ¢ > 1, the Hamming graph
H(d, n) is the graph whose vertex set consists of the d-tuples with entries from {0, 1,...,g—1},
and where two d-tuples are adjacent if they differ in exactly one entry or position. The graph
H(2,n) is also known as the n x n grid graph.

From Lemma 4.5, we know that the intersection sizes take exactly three values. From this,
we may define a graph that represents the structure of the intersection of elements of (2. Let
G, be the graph whose vertex set is PGy(q) x PGi(q), where two vertices (u,v) and (v, v")
are adjacent if |S,, NSy | = 0. We illustrate G3 below.

FIGURE 1. The graph Gs.

As the group Aut(I'par,(q)) acts (faithfully) on ©, it also acts (faithfully) on the vertices
Gy To obtain this action, we view any ¢ € Aut(I'par,q)) < Sym(£2) as a mapping on
PGi(q) x PGy(q) to itself. We write

¢(u,v) = (u',0') & G(Suw) = Survr (8)

for any u,v,v,v" € PGi(q) and ¢ € Aut(I'pgr,(q))- In fact, Aut(I'par,g)) does not only act
faithfully on PGy (q) x PG1(q), it also acts as automorphism of G,,.

Lemma 4.6. Any ¢ € Aut(Ipar,(q)) induces an automorphism of G,. In particular, Aut(I'pgry(g))
embeds into Aut(G,).
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Proof. By Lemma 4.4, ¢ induces a permutation on PG;(¢q) x PGy(q). Given two vertices
(u,v) and (v, v") of G,, we have
(u,v) ~g, (W, v") & Sy NSy =2
& ¢(Suw) N G(Sww) =2 ( by (6))
& ¢(u,v) ~g, o(u', "),

In other words, ¢ induces an automorphism of G,. The rest of the proof is immediate. O

¢ € Aut(I'par,(q) ‘ ¢ € Aut(G,) ‘ Comments

Ag (1,9:1) g9 € PGLy(q)
Py (9,1;1) g9 € PGLs(q)
Y (1,1;—1) | swaps coordinates
Yo (0,0;1) 0 € Aut(F,)

TABLE 1. Images of certain automorphisms of Aut(I'pgr,(q)) — Aut(Gy).

Using Lemma 4.5, the graph G, is clearly isomorphic the Hamming graph H(2,q + 1)
K 1 OK, 1. Consequently, we have Aut(G,) = Sym(PGi(¢)) 1 C2 = (Sym(PGi(q))
Sym(PGj(q))) x Cs, which consists of all triples

(o,7;7) € Sym(PG1(q)) x Sym(PGi(q)) x Cy

X

such that
(o(i),7(j)) ifr=1

(U’T;T)(iaj) = {(T(]),U(l)) ifr=-—1.

As Sym(PGj(q)) is centreless, we have
(Lsym(Pas () Rsym(pai @), ¥) = (Lsym(Pca(@) X Rsympaa)) % (V).

The group (Lsym(Pgl(q)) X Rsym(pgl(q))) x (1) acts on € by permuting the indices in 2. Define
the map

D : (Lsym(pas (@) X Rsym(pai(q)) X (¥) — (Sym(PGi(q)) x Sym(PGi(q))) x Cy
Aoprtht — (1,07 (—1)").

The map ® is clearly a group isomorphism. Let ®(¢) = ¢ is the permutation induced
by ¢ € (Lsympai(g) X Rsympaci(g)) X (¥) in PGi(q) x PGy(q). For any subgroup M <
(Lsym(PGi(q)) X RsymPca(e)) X (¥), we define M = ®(M). We give the image under ® of
certain elements of Aut(I'pgr,(y)) in its embedding into Aut(G,) in Table 1; the proof is
straightforward, so we omit it.

We note that any (o, 7;(—1)") € Sym(PG1(g)) 1 Cy can be expressed as the product

(0,7 (~1))) = (0,73 1)(1, 1; (~1)") = (0,73 1))

Since ¢ € Aut(I'par,(q)), it is an easy exercise to show that there exists a subgroup K <
Sym(PGq(q)) x Sym(PGq(q)) < Sym(PGq(q)) t Cy such that

Aut(Tpgry(g) = Aut(Tpary(g) = K () = K x (¥). 9)
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In particular,
Aut(TpeLy(g) = P7H(EK) x (). (10)

4.4. Proof of Theorem 1.2. In this section, we combine the results from the previous sec-
tions to determine the subgroup ®~!(K), or equivalently, K < Sym(PGi(q)) x Sym(PG1(q)).

For any g € PGLy(g), recall from Table 1 that A\, = (1,g;1) and p, = (g, 1;1). Moreover,
we have 75 = (0, 60;1). It is therefore clear from Lemma 4.2 that

(Lrciag) X Braryg) @ (7o) < K, (11)

where K is the subgroup defined in (9). It is worth noting that a typical element of (prLQ(q) X

Rpaia(g) X (Ta) is of the form (g6?, ¢'0%; 0), where g, ¢’ € PGLay(q) and 0 < 4,7 < k — 1.
Now, let ¢ € Aut(I'par,(y) such that ¢ € K. As K < Sym(PGy(q)) x Sym(PGi(q)) <

Sym(PGi(q)) t Cy, there exist two permutations o, 7 € Sym(PGy(q)) such that

¢=(0,71).
Claim 1. The permutations o and 7 lie in PI'Ly(q).

Proof Claim 1. For any ¢ € Aut(I'pgr,(q)) and for any pair of quadruples (u1, ug, uz, us) and
(v1, V2, v3,v4) with distinct entries from PGy (g), we have

|SU1,v1 M Suzve M Sugvs N Sm;m’ |90( u, Ul) N @(Suw)z) N ‘P(SU3,U3) N SD(SU4,U4)|-

Let us show that ogo™', 797! € PGLy(q), for any g € PGLy(q). For any four distinct
elements uy,ug, u3 and uy of PGy(g), using the fact that ¢ and p, are automorphisms of
I'paL,(q), We have

—1 uz —1 Uz

=1 ¢ " (Sum)
=1
ﬂpg

4

(S0t )1 (ap) | =

i=1

uz uz

4

ﬂ (b(SgU—l(ui),T—l(ui))

=1
ﬂ Sgga—l(u ), ui

Hence, there is a unique element of PGLy(¢) that maps the quadruples (ug,us,us, uy) to
(ogo=H(uy), 090" (us), 0go~(us),0go~ (uy)). By Theorem 3.1, we must have

- s
<[

o~ (ug),m =1 (ug)

4

mSaga ug),rm=1 (ug)

i=1

(u1, up; ug, ug) = (ogo~" (ur), 090 (uz); 090" (us), 090" (us)) ,

for any quadruples (u1, us, us, uy) of PGi(g) with distinct entries. In other words, cgo~! €
PGLy(q) for any g € PGLa(q). Thus, 0 € Ngympa,(q)(PGLa(g)). Similarly, we can show
that 7 € Ngympa, (q))(PGL2(q)) by using the automorphlsm Ag € Lpgr,(q)- The result now
follows from Theorem 3.2. O]

From Claim 1, we deduce that K < EPFLQ(q) X Eppb(q). Therefore, for ¢ € Aut(I'pgry(q))-
we have

?=1(9,9(-1)") = Ay pyi’
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for some ¢, ¢ € PI'Ly(q) and ¢ € {0,1}. Since ® is an isomorphism, we note that ®~!(K) <
Lpri,(g) X Rpri,(g), and by Lemma 4.3, we have

(LpcLag) X RpcLag) ¥ (v8) < 71 (K) < (Lpriyg) X Rpria) - (12)

Next, we determine the elements of Lpri,(g) X Rpri,(g) that lie in Aut(I'par,y(g))-

Claim 2. Let g,¢' € PGLy(¢q) and 0 < 4,5 < k — 1. Then, pypidge € Aut(Ipar,(g) if and
only if 4 = j. In this case, pyoiAgpi = Py AgVoi € (Lpars(q) X RpcLag) X (Vo)
Proof of Claim 2. The converse of the statement follows from Lemma 4.3. Now, assume that
Pg0iAgoi € Aut(I'pary(q))- It is immediate that

Py’ 6i )\ggi € Aut(FPGL2(q)) if and only if Loi )\gi S Aut(FpGLz(q)).

As ppiNgi € Aut(Ipgr,(q)), it is a permutation of PGLy(q). In particular, pgiAgi(x) € PGLg(
for any z € PGLa(q). Since pgiNgi(z) = 0'z077, for x € PGLy(q), we have 6" PGLy(q)0~7
PGL5y(q). The latter can only happen if i = j.

ang

We deduce from Claim 2 that the elements of ®~!(K) must be of the form
Agoi Pgroi = AgPg' Ngi Pogi = AgPgrVor € (LpaLa(q) X BpaLa(g) X (o)
for some ¢,¢" € PGLy(¢) and 0 < i < k— 1. By (12), we have
d(K) = (LPGLa(g)x Rpery ) X (V0)-
Therefore, we conclude that

Aut(Tpcry(g) = @7H(K) % (¢) = (Lecra(g) X Brcra) X (v, ¥),
thus proving Theorem 1.2.

5. PROOF OF THEOREM 1.1

In order to prove Theorem 1.1, we use Theorem 1.2. Let Cy = {1},C},...,Cy be the
conjugacy classes of PGLy(q), and let I = {i : C; consists of derangements}. Recall that
(PGLa(q), #,) is the conjugacy class association scheme, where %, = { Ry, R, ..., Rq} whose
elements are defined in (4). By definition, we have

Aut(Z, ﬂ Aut(T

We note that the derangement graph I'pgr,(q) is the union of all graphs in {I'; : ¢ € I}. On
the one hand, we have

Aut(2,) = (| Aut(T;)

< Aut(FpGLQ(q))
(LPGL2 X RpalL,(q ) X (1,7v9) by Theorem 1.2.
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Recall that the conjugacy classes of PGLy(q) are closed under taking inverse. On the other
hand, by Lemma 2.1, we know that

(Lpcra(g) X RpcLy(g) * (¥) < Aut(Z#).

Combining the two expressions, we have

(LpaLa(g) X Brary(g) X (¥) < Aut(Z) < (Lpcry(g) X Brara(g) X (¥, 7)- (13)

By (13), an element Agpy " vpi € (Lpcr,(q) X RpaLa(g)) X (¢, V) belongs to Aut(Z) if and only
if vp; € Aut(Z). We claim that 7y € Aut(#) only if j = 0. Assume by contradiction that
voi € Aut(Z) where 1 < j < k—1. By definition, we have vy, € Aut(T;) for all 1 <i < d. In
addition, since 7y, fixes the identity of PGLs(q), it is clear that 7y, must leave all conjugacy
classes of PGLy(g) invariant. Since 1 < j < k — 1, there exists d € F, such that is Qj(d) =
dP’ # d. Considering the element g € PGLy(g) such that g : x > o, we have 0.qg:x—s dP]

It is immediate that 67 - ¢ and ¢ cannot be conjugate since 1 < ] < k — 1, and we Conclude
that 67 does not preserve the conjugacy classes of PGLy(q). Hence we obtam a contradiction,
and we must have j = 0. Using (13), we have Aut(Z) = (LPGL2 X RpGLy(q) » (¢). This
completes the proof.

6. PROOF OF THEOREM 1.3

Recall that the conjugacy classes of PGlLy(g) are given in §3.2. Denote the conjugacy
classes of PGL3y(q) by Cy,Ch,...,Cy where g9 = 1 € Cy, g1 € C4,...,94 € Cy4 are distinct
representatives. As before, let R; be the relation corresponding to the conjugacy class C; as
defined in (4) for 0 < ¢ < d. Finally, let Z, = {Ro, R1, ..., Ra}.

Suppose that 1 < i < d is such that Cj is the conjugacy class of containing h : z — z + 1.
By Theorem 1.1, we know that Aut(%Z) = (Lpcr,(q) X Rprara(g)) X (¥). The stabilizer of the
identity element of PGLy(q) in Aut(Z) is the subgroup

K = {\pgt’ : g € PGLy(q) and 0 < j < 1} = Inn(PGLx(q)) x ().

Therefore, K acts transitively on every Conjugacy class of PGL4y(q).

As g; and h are in the same conjugacy class, we know that dim(E;TE}) is the number
of orbits of K contained in Cy, x Cy,; see [15]. By transitivity of K on Cj, this number is
exactly the number of orbits of the subgroup of K fixing i on the set C,,. Let us now find
the subgroup Kj,.

If g is odd, then let g : 2z + a "2, where a € F) is a primitive element, and let
h* = g"c. We note that h*h(h*)~' = h™', and Npgr,)((h)) = E, » (g); see §3.3. Since
(yhup)yg(@D*W;) = Yprg(n+)-1 for any g € E,, we deduce that (7,-1) normalizes the subgroup
{7, : g € E,}, and it is not hard to see that

{7919 € Egy(mt) = {1 9 € Eg} > (e t)).
If ¢ is even, then A is an involution, and by §3.3, we know that Npgr,q)((h)) = E,. For any
g € PGLy(q), we have ¢y,0p~! = v,, and we deduce that

{19 :9 € Eg} () ={ny 1 9 € Eg} x (¥).
In the next lemma, we show that the above subgroups are the stabilizers of h in K.

1

Lemma 6.1. The following statements hold.
(a) If q is odd, then K, = {v,: g € E;} % {(y=1).
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(b) If q is even, then K, = {7, : g € E,;} x ().

Proof. (a) Assume that ¢ is odd. It is immediate that v, € K}, for any g € E,, and y,-)(h) =
Yus (h™1) = h, s0 Y+t € K. Consequently, we have {7y, : g € E,;} x (ypt)) < K.

Assume that v,¢" € K}, for some g € PGLy(q) and 0 < i < 1. If i = 0, then h = v,(h) =
ghg™', thus g € E,. In this case, y,¢" € {7, : g € E,}. If i = 1, then h = v,4(h) = gh~ g™},
and thus g € F,h*. In this case, there exists € E, such that g = zh*, and y,0" = Y1) =
VY € {7y 1 g € Eg} X (). We deduce that Kj, = {v,: g € E;} X (yp=1)). ‘

(b) Assume that ¢ is even. It is immediate that {v, : g € E,} x (¢) < K. Given v,0' € K),
with g € F, and 0 < @ < 1, we have y,9'(h) = v,(h) = ghg™' = h. Therefore, we have
K ={r: g€ By} x (). .

Now, we give a lower bound on the number of orbits of K} on Cj.

Lemma 6.2. The group K, has at least 3(q — 1) orbits on Cj.

Proof. Since every element of order p is conjugate to h, every non-identity element of E, is
conjugate to h. Now, it is immediate that K}, fixes every non-identity element of E,, which
determines ¢ — 1 orbits. Noting that |C;] = ¢* — 1, the number of orbits of K}, on Cj is
therefore at least

(g—1) if ¢ is odd,
(g—1) if qis even.

B —1)— 12l ]
(l II| ) ‘Kh| q— 1 4 q271;q(q71) _

Gl {q — 1 £ o

NI NIW

This completes the proof. 0

Proof of Theorem 1.3. Assume that the association scheme (PGL4(q), %, ) is triply transitive,
that is, Ty = T.

Suppose that ¢ is odd. As EfA;E # 0 < pi; # 0, the dimension of E;TyE; is therefore
equal the size of the set {j : pﬁj # 0}. Therefore, dim E;ToE,, is at most the number of
conjugacy classes of PGLy(q), which is equal to ¢ + 2. By Lemma 6.2, we deduce

3 5
dim EITyE; < q¢+2< é(q— 1) < dim E;TE?,

whenever ¢ > 7. The case ¢ = 7 can be verified using Sagemath [22]. For ¢ = 7, we
have dim T, = 278 whereas dim7 = 391. In particular, we have dim EfTyE* = 5 and
dim ETE* = 12. For q = 5, since PGLy(5) 2 Sym(5), by [1, Theorem 1], we deduce that
Ty # T. For ¢ = 3, we have PGLy(3) = Sym(4), and by [3], we have Tj) # T

Suppose that ¢ is now even. Using Lemma 6.2, we have

dim B TyE; < q+1< g(q —1) < dim E;TE},
whenever ¢ > 5. For ¢ = 4, we have PGLy(4) = Alt(5) and dim E}TE* = 6, whereas
dim EXToE; = 5. For ¢ = 2, we have PGLy(2) = Sym(3). It was shown in [3| that the
association scheme of the latter is triply transitive.
Consequently, if (PGLz(q), %) is triply transitive, then ¢ = 2. The converse holds imme-
diately. ([l
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