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ABSTRACT. Let T" be a distance-regular graph whose automorphim group Aut(T") has
rank at most 11 and admits a subgroup which is permutation equivalent to PSLy(q) acting
on 2-subsets of PGy(g). It is shown that either Aut(I") does not preserve the edges of
the Kneser graph K(q+1,2) or the graph I is one of: the Kneser graph K(q+ 1,2), the
Johnson graph J(g + 1,2), the line graph of the Petersen graph, the Coxeter graph or
the line graph of the Tutte-Coxeter graph.

1. INTRODUCTION

Distance-regular graphs are highly regular graphs that play a central role in algebraic
graph theory. Given a connected graph I' = (2, E') and a vertex v € (2, the eccentricity
e = £(v) of v is the maximum distance between v and any other vertex of I'. The diameter
of I' is the largest eccentricity of a vertex of I'. The distance partition of I' with respect
to v is the partition 7(v) = {T'o(v),I'1(v),...,T-(v)}, where

Li(v) :={u e Q:dv,u) =i},

for 0 <i <e. We say that I' is a distance-regular graph of diameter D if there exist
some non-negative integers (a;)o<i<p, (bi)o<i<p—1, (¢i)1<i<p such that for any v € V' and
u € I';(v), we have

a; = {w € Ti(v) : {u, w} € B},
bi = [{w € I'ija(v) : {u,w} € B},
¢ =HweTli1(v): {u,w} € E}|.

The numbers (a;), (b;), (¢;) are called the intersection numbers of I'.  Note that the
distance-regular graph I' is regular with valency k = by = |I'1(v)|, and a; + b; + ¢; = k,
for 0 <7 < D. A distance-regular graph with diameter 2 is called a strongly-regular
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graph. In particular, a strongly-regular graph with parameters (n, k, A, 1) is a graph on
n vertices, where every vertex has degree k, every pair of adjacent vertices has A common
neighbours, and every pair of non-adjacent vertices has ;1 common neighbours.

Distance-regular graphs have been extensively studied in the literature, and their study
is a very active research area; see [3, 4, 11, 16] for more information on these graphs.
Distance-regular graphs can arise from many discrete structures such as a geometry, per-
mutation groups, codes, and designs. Hence, classifying distance-regular graphs with
given parameters or constructing new ones is an interesting problem since these can lead
to a better understanding of the underlying discrete structures.

One of many ways that distance-regular graphs can arise is via transitive permutation
groups. Since such distance-regular graphs are always vertex transitive, let us first recall
some definitions and facts about vertex-transitive graphs. Given a transitive permutation
group G < Sym(f), the orbitals of G are the orbits of G in its induced action on €2 x .
The rank of G < Sym(€2) is the number of orbitals of G. For an orbital (w,w’)“ not equal
to the diagonal orbital (w,w)%, the corresponding orbital digraph is the digraph with
vertex set 2, and arc set equal to (w,w’). An orbital (w,w’)% of G is called self-paired
if (w,w)¥ = (W, w) If (w,w)Y is self-paired, then the corresponding orbital digraph
may be viewed as a simple and undirected graph. We will hereafter refer to the orbital
digraphs corresponding to self-paired orbitals as orbital graphs. If (w,w')% # (W', w)%,
then (w,w’)® and (w',w)¢ are called paired orbitals. If I' is a graph obtained by taking
a union of orbital graphs and paired orbital digraphs of a transitive group G' < Sym(2),
then I' is called a G-vertex-transitive graph. As G < Aut(I) is transitive in this case,
the graph I is vertex transitive. Conversely, for any vertex-transitive graph I', it is well
known that, for every transitive group G' < Aut(I'), the graph I' is G-vertex-transitive
(see [9, Proposition 1.4.6]).

Distance-regular graphs such as the Hamming graphs, Johnson graphs, and Grassmann
graphs are examples arising from transitive group actions. In contrast, distance-regular
graphs such as the Tutte 12-cage, the Gritsenko strongly-regular graph with parameters
(65,32,15,16), and many block intersection graph of designs do not arise from transitive
groups. In general, a distance-regular graph I' = (2, E') with a transitive automorphism
group is always G-vertex-transitive, for any transitive subgroup G < Aut(I"). However, a
distance-regular graph arising from a proper transitive subgroup of Aut(I') need not be
equal to I'. For instance, this situation occurs for the action of PSLy(7) on the 2-subsets
of PG1(7), giving rise to the Kneser graph K (8,2), which is a strongly-regular graph, and
the Coxeter graph, which is a diameter 4 distance-regular graph. Similarly, the Kneser
graph K (10,2) and the line graph of the Tutte-Coxeter graph both arise from the action
of PSLy(9) on 2-subsets of PG;(q).

This paper is concerned with distance-regular graphs that can arise from these actions
of PSLy(g) on the 2-subsets of PG;(g) via the induced action on PGy(g). Recall that a
transitive group G < Sym((2) is called 2-homogeneous if it acts transitively on the 2-
subsets of 2 via the induced action given by {w, d}? := {w9, 9}, for any distinct §,w € 2
and g € G. Let Q2! be the collection of all 2-subsets of Q. As Sym() is 2-homogeneous
for |Q2] > 4, let us consider the transitive action of Sym(£2) on the Q{2}. This action of
Sym(Q) on Q1?} is faithful of rank 3, and the corresponding orbitals are

Oy = {(U,U) : U € Q1Z},
O, ={UV):UVecQB |uUnV|=1}, (1)
O, ={(U,V): U,V e QB |UnV|=0}.



We will refer to the orbitals Oy, Oy, and O in (1) as the canonical orbitals of the set
Q2. The orbital graphs corresponding to O; and O, are respectively the Johnson graph
J(22,2) = J(|€2|,2) and the Kneser graph K(£2,2) = K(|Q2],2). The automorphism group
of K(,2), where Q] > 5, is the group Sym(2) acting on Q2{%}. Any 2-homogeneous group
G < Sym(Q2) naturally preserves the orbitals O; and O,, and so must also be a subgroup
of the automorphism Sym(Q2) of K(£2,2). In particular, the permutation representation
of PSLy(¢) acting on 2-subsets of PGy(q) is a subgroup of Sym(PGi(gq)) on 2-subsets of
PGi(q). Hence, for any prime power ¢, the Johnson graph J(q + 1,2) and the Kneser
graph K(q+ 1,2) are PSLy(q)-vertex-transitive, for the action of PSLay(g) on 2-subsets of
PGi(q). As we have seen before, the two sporadic examples which are the Coxeter graph
and the line graph of the Tutte-Coxeter graph also arise from this action of PSLy(q) for
q =7 and q = 9, respectively.

At a BIRS workshop on Movement and Symmetry in Graphs in November 2024, Robert
Bailey asked the following question.

Question 1.1. Except for the Coxeter graph and the line graph of the Tutte-Coxeter
graph, are J(q + 1,2) and K(q + 1,2) the only distance-regular graphs arising from the
action of PSLy(q) on 2-subsets of PG1(q)?

The answer to this question turns out to be negative, and an infinite family of examples
is given in [6]. In [6], De Caen and van Dam showed that the orbital graphs of PGLs(q)
in its action on 2-subsets of PG;(g) consist of a graph isomorphic to J(q + 1,2) together
with ‘1;—3 or %‘ spanning subgraphs of K(q+ 1,2), depending on whether ¢ is odd or ¢ is
even respectively. When ¢ = 2%* for some small values of the integer & > 2, it was noted
in [6] that there is a 4-class association scheme obtained by fusing these orbital graphs,
in which J(q + 1,2) is isolated'. In addition, the union of J(q + 1,2) and two of these
graphs yields a strongly-regular graph which is neither J(g + 1,2) nor K(¢ 4+ 1,2). De
Caen and van Dam conjectured that this fusion of the orbital graphs of PGLy(q) always
yields this 4-class association for every ¢ = 2%, where & > 2. They noted that if the
conjecture is true, then this strongly-regular graph always exists. This conjecture of De
Caen and van Dam was subsequently proved in [10, 14]. Furthermore, it was shown in
[10] that these strongly-regular graphs are isomorphic to the ones constructed by Brouwer
and Wilbrink in [17, Section 7.B]. These are the strongly-regular graphs NOZ (2/) defined
in [5, Section 3.1.4].

As PGLy(q) = PSLy(q) whenever q is even, the strongly-regular graph NOZ (27), for f >
2, gives a negative answer to Question 1.1. Note that since the above-mentioned strongly-
regular graphs NOZ (27) defined on Q = PG, (4/) were obtained by fusing J(£2,2) with
other orbital graphs contained in K (2, 2), its automorphism group Os(27) < Aut(NOZ (27))
does not preserve the canonical orbitals of € (see (1)). In this paper, we determine all
distance-regular graphs arising from the action of PSLy(q) on 2-subsets of PGy(q) with
automorphism group of relatively small rank and preserving the canonical orbitals of
PGi(¢). Our main result is stated as follows.

Theorem 1.2. Let q be a prime power, 2 = PG1(q), and let " be a distance-regular graph
arising from the action of PSLy(q) on 2-subsets of Q. If the automorphism group Aut(I")
is of rank at most 11, then Aut(I") does not preserve the canonical orbitals of 2, or one
of the following cases occurs.

(1) ¢ =3 and ' is the complete multipartite graph K22 = J(4,2),

(ii)) ¢ =5 and ' is the line graph of the Petersen graph, J(6,2), or K(6,2),

(i1i) ¢ =7 and T is the Coxeter graph, J(8,2), or K(8,2),

1i.e., a class that is not merged with other relations in the association scheme
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(iv) g =9 and T is the line graph of the Tutte-Coxeter graph, J(10,2), or K(10,2),
(v) g>11 and T is J(qg+ 1,2) or K(q¢+1,2).

The 4-class association scheme which is a fusion of the orbital scheme of PGL4(¢) acting
on 2-subsets of PGy(¢q), when ¢ is a power of 2, is the only known non-trivial fusion of
the association scheme of this action of PGL2(q). When ¢ is odd, the group PSLs(q) is a
proper subgroup of PGLy(q), so we ask the following question.

Question 1.3. Are the graphs NOZ (27) the only distance-regular graphs arising from
the action of PSLy(q) on 2-subsets of PG (q), for ¢ > 13, whose automorphism groups do
not preserve the canonical orbitals of PGy(q)?

This paper is organized as follows. In Section 2, we give all the necessary background
results needed in the proof. We recall some important properties of the group PSLy(¢q) in
Section 3. In Section 4, we prove Theorem 1.2.

2. BACKGROUND RESULTS

2.1. Association schemes. Let € be a finite set and Ry = {(w,w) : w € Q}, Ry, ..., Ry
be a set of relations of 2. The pair (2, {R;}i—0..._a4) is called an association scheme if
(1) {Ri}izo,. a is a partition of © x €,
(ii) there exists a permutation * € Sym(d) of order dividing 2 such that for any 1 <i < d,
Ry = {(w,9) : (0,w) € R;},
(iii) there exist some numbers (pf;)o<i jr<a such that for any (w,d) € Ry,

Ha € Q: (w,a) € R, (a,0) € R} :pfj,
(iv) pfj = p;?i for all 0 <i,j,k < d.

If (2,{R;}i=0....4) is an association scheme, then its order is the integer |2|. The associ-
ation scheme (,{R;}i—o. q4) is called a d-class association scheme. For any 1 < i < d,
the pair (2, R;) is a digraph on Q. If 1 < i < d such that i* = i, then (Q, R;) can be
viewed as an undirected graph. If * € Sym(d) is trivial, then (£2,{R;}i—0. 4) is a sym-
metric association scheme. If only the conditions (i)-(iii) are satisfied, then we say that
(Q,{R;}i=0...a) is a homogeneous coherent configuration. Note that a symmetric
homogeneous coherent configuration must be an association scheme since (iv) is always
satisfied.

Now, let G < Sym(€2) be a transitive group, and let Oy, Oy,...,04 be the orbitals
of G. Then, the pair (Q,{O},—0.. ) satisfies (i)-(iii), so it is a homogeneous coherent
configuration. Property (iv) is satisfied by (£2,{O;}i=0....4) if and only if the permutation
character of G < Sym(2) is multiplicity free, that is, it is a sum of distinct irreducible
characters of G (see [2]). As we have seen before, the rank of the permutation group G is
equal to the number of orbitals, which is d + 1 in this case.

Assume now that I' = (Q, E) is a distance-regular graph of diameter D. Let v € €.
Define the relations R; = {u € Q : d(v,u) = i}, for any 0 < i < D. Then, (Q,{R;}i=0...D)
is a D-class symmetric association scheme. The association scheme (€2, {R;}i—o.. p) has
an additional property called the P-polynomial property (see [3] for details). If in ad-
dition, I' = (Q, ) is a distance-regular graph with diameter D admitting a transitive
automorphism group, then a vertex stabilizer in Aut(I') has at least D + 1 orbits, so the
rank of GG is at least D + 1. For example, the rank is exactly equal to the diameter plus
one for distance-regular graphs whose automorphism groups are also distance transitive.
However, the rank of the automorphism group is not necessarily equal to the diameter
plus one, as in the case of the Shrikhande graph.



2.2. Permutation groups. Let G < Sym(f2) be a transitive group. A block of G <
Sym(€) is a subset B C 2 with the property that BY = B or BN B = &, for all g € G.
The subsets Q2 and {w}, for any w € 2, are always blocks of G, and they are referred as the
trivial blocks of G. If every block of G < Sym(2) is trivial, then G is called primitive,
otherwise, it is called tmprimitive. A useful characterization of primitive groups is that
their point stabilizers are maximal subgroups (see [8, Corollary 1.5A]).

Recall that the rank of G is the number of orbitals of G. Equivalently, the rank is also
the number of orbits of G, for w € Q. Define r(G,2) to be the rank of G < Sym(Q).
Since r(G, Q) is the number of orbits of G, each orbit has size at most |G,|. Moreover,
{w} is an orbit of G,,. Therefore, we have 1+ (r(G,Q2) —1)|G,| > ||, and so we establish
the relation
€2 -1

a.] 2

We say that G < Sym(Q) is 2-transitive if G is transitive on the set Q) = {(w,w’) €
OxQ:w# W'} Inaddition, G < Sym(€?) is called 2-homogeneous if it acts transitively
on the collection of all 2-subsets of . It is clear that if G is 2-transitive, then it is
2-homogeneous, but the converse need not hold. We recall the following result about
2-homogeneous groups.

Theorem 2.1 ([8]). Suppose that G is 2-homogeneous on Q@ with |Q2| > 4. Then, G is
2-transitive with the exception of

r(G,Q) > 1+

with ¢ = 3(mod 4).

From the above theorem, we know that the vast majority of 2-homogeneous groups are
2-transitive. Recall that the socle of G is the subgroup Soc(G) generated by all minimal
normal subgroups of GG. In the next theorem, we recall the classification of 2-transitive
groups, with respect to their socles.

Theorem 2.2. A finite 2-transitive group is either of affine type* or almost-simple type’.
(i) If Soc(G) = F}, then G =T x H, where H is an irreducible subgroup of GLy(q).
(i1) If G is of almost-simple type, then Soc(G) is one of the groups given in Table 1.

Recall that Q{?} is the collection of all 2-subsets of Q. If G’ < Sym(€) is 2-homogeneous,
then G acts transitively on Q?}. Since this action is via the induced action of G' on €,
the group G also acts faithfully on Q{2}. The orbitals of Sym(£2) on Q{% are the canonical
orbitals of Q, which are the sets Oy = {(U,U) : U € Q}, O, = {(U,V) : U,V €
Q2 UNV| =1}, O, ={(U,V): UV € Q2 |[UNV| = 0}. These orbitals of Sym()
on Q2 are preserved by any 2-homogeneous group G' < Sym(f2). We will now prove the
converse of this fact.

Lemma 2.3. Let G < Sym(Q{2}) be a transitive group. Then, G preserves the canonical
orbitals O, Oy, and Oy if and only if G < Sym(QY) is transitive, and {w,d}? = {w9,§9},
for all g € G and {w,0} € Q2

Proof. Assume that G < Sym(Qf?}) preserves the canonical orbitals Oy, Oy, and O,.
Since Sym(£2) < Sym(©Q{%}) is the automorphism group of the graphs J(£, 2) and K(£2,2),

2A permutation group group G is of affine type if G = V x Gy, where V is isomorphic to a finite vector
space, and Go which is an irreducible subgroup of GL(V) is the stabilizer of 0 € V'

3A group G is of almost-simple type if there exists a non-abelian simple group S such that § < G <
Aut(S)
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Row  Soc(G) G Information |2
1 M, G = Soc(G) 11
2 PSLy(11) G = Soc(G) 11
3 Alt(7) G = Soc(G) 15
4 HS G = Soc(G) 176
5 Cos G = Soc(G) 276
6  PSL,(8) G = PYL,(8) 28
7 M, M, <G < Auwt(M,)  ne {11,12,22 23 24} n
8 Ree(q) Ree(q) < G < Aut(Ree(q)) q = 3%+ @+ 1
9  Sz(g)  Sz(g) < G < Aut(Sz(q)) q = 2%+ ¢ +1
10 PSUs(q) PSUs(g) < G < PTUs(q) q#2 ¢ +1
11 Spy,(2) G = Soc(G) n>3 212 4+ 1)
12 Sp,,(2) G = Soc(QG) n>3 2n= 1(2” —1)
13 PSL.(g) PSL,(¢q) <G < PI'L,(q) n>2 T
14 Alt(n) Alt(n) < G < Sym(n) n>5 n

TABLE 1. Doubly transitive groups of almost-simple type.

Sym(€2) is a 2-closed group. That is, it is the largest subgroup of Sym(Q1?}) whose orbitals
are the edge sets of J(£2,2) and K(€2,2), which are O; and O,, respectively. We deduce
that G < Sym(Q) < Sym(Q{#), and so, for any g € G and {w,d} € Q2 we have

{w, s} = {w?,07}.

It is clear that GG then acts transitively and faithfully on €.
Conversely, if G < Sym(2) is transitive and {w,0}? = {w9,46%}, for all ¢ € G and
{w,6} € Q2 then G < Sym(Q?}) preserves the canonical orbitals Oy, Op, and Oy. O

Remark 2.4. The automorphism group of the strongly-regular graph NOZ (4), is the
group Os(4) x Cy. This group is transitive and admits a subgroup that is permutation
equivalent to PSLy(16) acting on the 2-subsets of PG1(16). Consequently, we may view
the vertices of NOZ (4) as the 2-subsets of PG(16). This subgroup PSLy(16) naturally
acts as a subgroup of automorphisms of J(17,2) and K(17,2). As O3(4) x Cy is not
contained in Sym(17), the action of O5(4) x Cs on the 2-subsets of PG;(16) cannot be via
the induced action.

3. THE ACTION OF PSLy(gq) ON 2-SUBSETS OF PGy(q)
The action of the group PSLy(q) on PGy(q) is transitive of degree ¢ + 1 and its point
stabilizers are conjugate to a subgroup F, x Cy—1 if ¢ is odd, and F, x C;_; if ¢ is even.

2
This group is 2-transitive, and therefore, also 2-homogeneous. Now, consider the induced
action of PSLs(g) on the 2-subsets of PGy (¢) and let u = ([1,0]) and v = ([0, 1]). Let w
be a primitive element of IF,. Define the elements of PSLy(gq) given by

w 0 0 —1
A_[O w‘l] andB—{1 0].

Note that A has order %5~ L if ¢ is odd, and ¢ — 1 if ¢ is even. The element B has order 2,
and BAB™! = B~%. The stabilizer of {u, v} for this action of PSLy(¢q) on the 2-subsets
of PG1(q) is given by the subgroup

(A,B) ={A'B: 0<i<q—1,0<j<1},



Number 1 %5 1
Size 1 q(¢+1) Q(q;q)
10 wt 0 V-1 0
Character Number [O 1] {O = [ 0 (\/_—1)—1}
1<i<e?
pla;)
1<j<SPeven | 12 | (g+1) | a;(w) +aj(w™) 20;(v/~1)
o) = exp (241
5(1) 1 q 1 1
J(1) 1 1 1 1
(x) =l g-1 0
ot I Y ()T

e 2
TABLE 2. Character table of PSLy(q), for ¢ =1 (mod 4).

which is isomorphic to D,_; when ¢ is odd, and Dy,—1) when ¢ is even. There is a unique
conjugacy class of subgroups isomorphic to (A, B) in PSLy(q) for any ¢ > 3 (see [7]).
Since any transitive permutation group is permutation equivalent to its action on the
point stabilizer by right multiplication, we conclude therefore that the group PSLs(q)
acting on the 2-subsets of PG;(q) is permutation equivalent to the action of PSLs(g) on
right cosets of (A, B) by right multiplication.

For ¢ > 13, the subgroup (A, B) is a maximal subgroup of PSLy(q) (see [12, Corol-
lary 2.2]). From this, we deduce the following lemma.

Lemma 3.1. The group PSLy(q) acts primitively on the 2-subsets of PGi(q) if and only
if ¢ > 13.

For the rest of this section, we determine the rank of the group PSLs(¢) acting on
2-subsets of PGy (q). When ¢ is even, it was shown in [6] that the rank of PSLy(¢) acting
on 2-subsets of PGi(g) is Z. Hence, we may assume that ¢ is odd for the remainder of
this section.

Let ¢ be the permutation character of the action of PSLay(g) on 2-subsets of PGy(q).
That is, for any « € PSLy(q), ¢(z) is equal to the number of 2-subsets of PG4 (q) fixed by

x. The rank of PSLy(q) on 2-subsets of PG;(q) is the quantity

{0y = (),

¢

where ¢ runs through all irreducible characters of PSLy(q).

In order to determine the decomposition of ¢ into a sum of irreducible characters, we
will need parts of the character table of PSLy(¢q) corresponding to the conjugacy classes
of elements of PSLy(q) fixing a 2-subset. We note that an element A of PSLy(q) fixes a
2-subset of PGy(q) if and only if its representative A in SLs(q) either has two distinct
eigenvalues in F, or is an involution. For ¢ =1 (mod 4) and ¢ = 3 (mod 4), the relevant
parts of the character tables of PSLy(g) that correspond to elements fixing a 2-subset are
given in Table 2 and Table 3, respectively. See [1] for details on the notations used in
these tables. A straightforward computation shows the following lemma.

Lemma 3.2. The rank of PSLy(q) on 2-subsets of PGi(q) is equal to 227 if ¢ = 3
(mod 4), and 2222 if g =1 (mod 4).
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Number 1 %3 1
Size 1 q(g+1) Q(q;)
10 wh0 0 —1
Character Number [0 1] [0 i {1 0 }
1<i<e?
pla;)
1<j< qg—?’ even %3 (¢+1) | aj(w') +a;(w™) 0
() = exp (24
(1) 1 q 1 —1
7(1) 1 1 1 1
(%) T o la-1 0 —2x(v-1)
+ q—1 [ERY
W 2 ol 0 —(—1) 1
TABLE 3. Character table PSLa(q), for ¢ = 3 (mod 4).

4. PROOF OF THEOREM 1.2

If T" is a distance-regular graph with a transitive group of automorphisms which is
permutation equivalent to PSLy(¢q) acting on 2-subsets of PG(¢), then we may assume
without loss of generality that its vertex set is the collection of all 2-subsets of PG4(q).

Hypothesis 1. Let p be a prime, ¢ = p* for some integer k > 1. Let Q = PGy(q) and
2 be the collection of all 2-subsets of Q. In addition, let T be a distance-reqular graph
of order (qgl) defined on Q% and with automorphism group G = Aut(I') which admits
PSLy(q) acting transitively on Q1?} as a subgroup of automorphisms. Let v(I') be the rank
of the automorphism group of T'.

Let ' be a distance-regular graph as in Hypothesis 1. If ¢ < 11, then by Lemma 3.1,
the action of PSLy(q) on Q2! is imprimitive. For these graphs, we use Sagemath [15]
to show that I' must be one of the graphs in Theorem 1.2. We assume henceforth that
q > 13.

Since G < Sym(2{%) is transitive, by Lemma 2.3, either the action of G on Q{%} is the
induced action from a transitive action of G on €2 or GG does not preserve the canonical

orbitals of €2 defined in (1).

Lemma 4.1. In addition to Hypothesis 1 and q > 13, assume that G preserves the
canonical orbitals of (). Then, the group G is an almost-simple group with socle equal to
PSLy(q) or Alt(g+1).

Proof. From these assumptions and Lemma 2.3, we know that G' < Sym(£2) < Sym(Q{2})
is transitive. By primitivity of PSLy(q) on Q{2 the group G < Sym(Q{#) is also prim-
itive. It is clear that G < Sym(Q{?}) cannot be of affine type, and cannot also be as in
(3), in Theorem 2.1. Hence, G is a primitive almost simple group contained in the almost
simple group Sym(2). The possibilities for such groups G are given in [13, Table III].
Using Table III in [13] and Table 1, we conclude that the only cases that can occur are
Rows 4-5,7,9, Row 13 (for n = 2), and Row 14 in Table 1. We immediately rule out the
groups in Rows 4-5 since [€2| — 1 is not a prime power. Let us examine the remaining
cases.

e For Row 7 of Table 1, the only values of n for which n is a prime power plus 1 are
n € {12,24}. We note that PSLy(11) is an imprimitive subgroup of the 2-transitive
group Mys of degree 12. The group M;, acting on the 2-subsets has rank 3, and its



orbital graphs are K(11,2) and J(11,2). However, the automorphism group of these
graphs is isomorphic to Sym(12), which cannot be contained in Aut(Ms) = Mz .2.
Similarly, the group Ms, acting on 2-subsets has rank 3, and its orbital graphs are
K(24,2) and J(24,2). Note also that PSLy(23) < Ma,. As Sym(24) is not contained in
Aut(Myy) = May, this case cannot occur.

e Let S = Soc(G). For Row 9 of Table 1, S < G < Aut(S), where ¢ = 2%*1 for some
k> 1, S = Sz(q), and Aut(S) = Sz(q).Car1. By Hypothesis 1, PSLy(¢?) < G. By
noting that | Sz(q)| = ¢*(¢*>+1)(¢—1) it is also immediate that | PSLy(¢?)| > | Aut(9)],
which is impossible.

We conclude that G is an almost simple group with socle equal to PSLs(gq) or Alt(g + 1).
This completes the proof. O

Using Lemma 3.2 and Lemma 4.1, we deduce the following corollary about the diameter
of T.

Corollary 4.2. If I' is a distance-regular graph satisfying Hypothesis 1 and G = Aut(T")
preserves the canonical orbitals, then the diameter of I' is bounded from above by

k=1 1 ifp=2
Satl) ifg=3 (mod 4),
3045 ifg=1 (mod 4).

The proof of Theorem 1.2 follows from the next lemma.

Lemma 4.3. In addition to Hypothesis 1 and q¢ > 13, assume that G = Aut(I") preserves
the canonical orbitals of Q. If T is a distance-reqular and r(I') < 11, then T is J(£2,2) or
K(9,2).

Proof. Let I' be a distance-regular graph whose automorphism group has rank (I') < 11.
By Lemma 4.1, we have S = Alt(q + 1), in which case G = Sym(q + 1) and I' is one
of J(€,2) or K(£,2), or S = PSLy(q) < G < PI'Ly(q). Hence, it remains to show that
there is no such graph I' whose automorphism group is almost simple with socle equal to

Assume that I is such a graph. Since G < Sym(2{?}) has rank 7(I') and G < PTLy(q),
the group PI'Ly(q) < Sym(Q{?}) has rank at most »(I') < 11. By (2), we, however, have
that

Q+1) —1 2k + k_9
PILy(g), 0 > 14 L2 ) =Ly 7t =2 1
T( 2((])7 ) =1+ Zk(q _ 1) + 4k(pk _ 1) ( )

For p > 43 and k > 1, we have 1 + % > 12, implying that r(PT'Ly(q), Q%) > 12.
Hence, there exists no distance-regular graphs of this type whose automorphism group
has rank at most 11. If 13 < ¢ = p* < 41, we verify with Sagemath [15] that there exists

no such distance-regular graphs with automorphism group G < PI'Ly(q). O
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