Journal of Combinatorial Designs

| RESEARCH ARTICLE CEEED

W) Check for updates

WILEY

On the Terwilliger Algebra of the Group Association
Scheme of the Symmetric Group Sym (7)

Allen Herman'

| Roghayeh Maleki® | Andriaherimanana Sarobidy Razafimahatratra®

1Department of Mathematics and Statistics, University of Regina, Regina, Saskatchewan, Canada | 2Fields Institute for Research in Mathematical Sciences,

Toronto, Ontario, Canada

Correspondence: Allen Herman (Allen.Herman@uregina.ca)

Received: 13 November 2024 | Revised: 5 March 2025 | Accepted: 12 March 2025

Keywords: group association schemes | symmetric groups | Terwilliger algebras

ABSTRACT

Terwilliger algebras are finite-dimensional semisimple algebras that were first introduced by Paul Terwilliger in 1992 in studies

of association schemes and distance-regular graphs. The Terwilliger algebras of the conjugacy class association schemes of the

symmetric groups Sym(n), for 3 <n < 6, have been studied and completely determined. The case for Sym(7) is computationally

much more difficult and has a potential application to find the size of the largest permutation codes of Sym(7) with a minimal

distance of at least 4. In this paper, the dimension, the Wedderburn decomposition, and the block dimension decomposition of

the Terwilliger algebra of the conjugacy class scheme of the group Sym(7) are determined.

MSC2020: primary 05E30, secondary 05E10, 16S99

1 | Introduction

Association schemes are central objects in algebraic combi-
natorics, which were introduced in the 1950s by Bose and
Shimamoto. Paul Terwilliger introduced subconstituent al-
gebras (now known as Terwilliger algebras) of association
schemes in 1992 in a series of papers [1-3] as a means to
study association schemes. Many papers on Terwilliger al-
gebras of various association schemes have appeared in the
literature since then; see, for instance, References [4-11].
These results mostly focus on the Terwilliger algebras of
association schemes that are P-polynomial or Q-polynomial
and certain highly symmetric graphs arising from permuta-
tion group actions.

One important family of association schemes that arise from
abstract groups is the conjugacy class scheme. To the best of our
knowledge, there are only a handful of papers studying the
Terwilliger algebra of conjugacy class schemes in the literature.
Bannai and Munemasa [4] gave a complete characterization of
abelian groups and showed that the corresponding schemes are

triply transitive (see Section 2 for the definition). Balmaceda
and Oura [12] determined the ones arising from the groups
Alt(5) and Sym(5). More recently, Hamid and Oura [13]
determined the Terwilliger algebra of Sym(6). A new resource
that gives a comprehensive overview of the theory of Terwilliger
algebras for conjugacy class schemes is the master's thesis [14]
of Bastian; in particular, this thesis provides many computa-
tional results and poses many open questions. Motivated by one
of these questions in Reference [14] on dihedral groups, Maleki
[15] determined the Terwilliger algebra of metacyclic groups
that are semidirect products of a cyclic group of order n by a
cyclic group of order 2. Maleki's results were recently extended
to more general families of metacyclic groups [16] by Feng,
Yang, and Zhang.

Motivated by this lack of general understanding of the
Terwilliger algebra of conjugacy class schemes of groups, we start
an in-depth program whose purpose is to analyze these algebras.
In this paper, we solely focus on one of the next open cases for
the symmetric group, that is, the group Sym(7). To state our
main results, we first need to recall some terminology.
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Formally, an association scheme is a pair (X, S), where X is a
nonempty finite set and S = {Sy, S, ..., Sg} is a set of relations on
X, satisfying the properties:

i. So={(,x):x€eX},
ii. S is a partition of X X X,
iii. forany0 <i<d,S={(y,x):(x,y) € S}€ES,

iv. there exist nonnegative integers (PS)i,j,ke{O,l, ..,y called
the intersection numbers with the property that for any
(x,y) € Sk, we have

pg =lfz€X:(x,2) €S, (z,y) € S}

If S = S; for all 0 <i < d, then the association scheme is called
symmetric. Moreover, an association scheme with intersection
numbers (pg) is commutative if pg = p';i, for 0 <i,j, k <d.

Throughout this section, we let (X,S) be an association
scheme, where S = {Sy, S, ..., Sg}. Then, each relation S; € S
determines a directed graph on X whose arc set is S;. Let A; be
the adjacency matrix of the digraph corresponding to S; for
1 <i <d. Using this, one can also rephrase the definition of
association schemes in terms of adjacency matrices. With this
reformulation, we can view association schemes from a more
algebraic viewpoint, and we can define certain algebras that
are associated with the scheme. The Bose-Mesner algebra B is
the subalgebra of M x(C) generated by the set of all adjacency
matrices {Ag, 4, ..., Ag}. This set is also a basis for the Bose-
Mesner algebra since

d
A = ) PiA
k=0

for all 0 <i,j <d, and 2?:0 A; = Jx is the matrix of all-ones.
The standard module of the association scheme (X, S) is the
subspace

V= & Cx

xeXx

Another algebra associated with the association scheme (X, S)
is its Terwilliger algebra with respect to a fixed vertex of X. Fix
an element x € X. For any 0 <i <d, define the matrix E;(x) to
be the diagonal matrix whose diagonal is the row of the adja-
cency matrix A; corresponding to x. The Terwilliger algebra
with respect to x is the complex algebra

T.(S) = <AO, A, ooy Ag, EXX), BXX), ., Eﬁ(x)>.

As T, (S) is a self-adjoint subalgebra of Mx,(C), it is semisimple,
so it is algebraically determined by the isomorphism classes of
its irreducible modules. A subspace W of V for which TW C W
is called a T-module. A T-module W is irreducible whenever it is
nonzero and has no nontrivial submodules. Let W denote an
irreducible T-module. Then W is a direct sum of nonvanishing
subspaces EfW, for 0 <i <d.

The T-module W is thin whenever dim(E;W) <1for0 <i <d.

From a representation theory perspective, it is of interest to
know the dimensions of a given Terwilliger algebra and its
Wedderburn decomposition; these require the list of dimen-
sions of the inequivalent irreducible modules. From a purely
algebraic combinatorics perspective, knowing the irreducible
modules of the Terwilliger algebra can help study the combi-
natorial properties of the underlying association scheme or
objects associated with it.

In this paper, we determine some properties of the Terwilliger
algebra of the conjugacy class scheme of the symmetric group
Sym(7). Recall that the conjugacy class scheme of a group G
with conjugacy classes Co = {1}, Cy, ..., Cy is the association
scheme X(G) := (G, S), where S consists of sets of the form
Si={(x,y)€GxG:xyeC} for 0<i<d. Since the di-
graphs in S are Cayley digraphs, the left-regular representation
of G is a regular subgroup of automorphisms. That is, if
Ag : G — G such that x — gx, for g € G, then the subgroup
Lg = {A; : g € G} is a subgroup of the full automorphism group
Aut(S) of the scheme (X, S). See Section 2 for more details on
the automorphism group of association schemes. Hence, the
automorphism group of any conjugacy class scheme is transi-
tive. Consequently, every Terwilliger algebra of the conjugacy
class scheme of group G is isomorphic to the one with respect to
the identity element e € G. Henceforth, we only consider the
Terwilliger algebra with respect to the element 1 € G, and if
there is no confusion, we use the notations E} = Ej(e) for
0<i<d,and T = T,(S).

For the symmetric groups Sym(3) and Sym(4), Bannai and
Munemasa [4] showed that the dimensions of their Terwilliger
algebras are, respectively, 11 and 43. Moreover, the Terwilliger
algebras of these two groups are equal to the centralizer algebra of
the underlying group endowed with the action by conjugation
(see Section 2 for details), which results in the Wedderburn
decomposition being straightforward. The result for Sym(3) was
obtained using a computer search. Note, however, that the group
Sym(3) = D¢ belongs to the larger family of metacyclic groups
admitting a cyclic subgroup of index 2, whose Terwilliger algebras
were recently determined by Maleki [15]. For Sym(5), Balmaceda
and Oura [12] proved that the dimension of the Terwilliger algebra
is 155 and that it is not equal to the centralizer algebra of the
action of Sym(5) by conjugation. Bogaerts and Dukes [17] used
the Terwilliger algebras of Sym(7) to study permutation codes
from Sym(7) with a Hamming distance of at least 4. Additionally,
they conjectured in Reference [17, Conjecture 3.5] that the
Terwilliger algebra of Sym(n) and the centralizer algebra of the
full stabilizer of the identity permutation in the automorphism
group of the conjugacy scheme of Sym(n) are equal, for n > 6.
This conjecture was, however, disproved by Hamid and Oura [13],
who showed the dimension of the Terwilliger algebra for Sym(6)
is equal to 758, while that of the centralizer algebra is 761. In
References [12, 13], the Wedderburn decomposition of the
Terwilliger algebras was also given. In this paper, we generalize
these results by giving the dimension and the Wedderburn
decomposition of the Terwilliger algebra of Sym(7). Our main
result, which we established with the assistance of computational
algebra software GAP [18] and its association scheme package [19]
and Sagemath [20], is stated as follows.
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Theorem 1.1. Consider the symmetric group Sym(7) and let
T be its Terwilliger algebra. Then, dim(T) = 4039 and

T=M;s(C) @ Ms(C)® My(C) ® M(C)@® M;(C)
® M;(C) @ My(C) & My (O)
@ Mis(C) & My(C) ® My(C) & Ms5(C) @ Mi3(C)
@© My(C) & M(C)®d M(C) @ My(C)
@O My(C) ® My(C) ® My(C) ®d M3(C) & Ms(C)
e M(C)® M;(C)® C.

It is worth mentioning that Bogaerts and Dukes [17] showed
that the centralizer algebra for the case of Sym(7) has dimen-
sion 4043.

2 | Background

Throughout this section, we let (X, S) with S = {Sy, Sy, ..., S4} be
a commutative association scheme, and V' the corresponding
standard module. We refer the reader to Reference [21] for the
basic terminologies of association schemes.

2.1 | Automorphism Groups and Centralizer
Algebras

We can determine more information about the Terwilliger
algebra T,(S) from a permutation group arising from the un-
derlying association scheme (X, S). An automorphism of the
association scheme (X, S) is a permutation of X that preserves
all the relations, in other words, an automorphism of every
digraph of the scheme. The group of all automorphisms of the
scheme (X, S) is denoted by Aut(S). By definition, we have

Aut(S) = (dﬁ Aut(L),

i=0
where I; is the digraph corresponding to S;, for 0 <i <d.

Given H < Aut(S), we can endow the standard module V' with a
CH-module action by defining the action of h € H on V' by

h.v =Py

for ve V and where P, is the permutation matrix corre-
sponding to h.

The centralizer algebra of H is the algebra Endy (V') consisting
of all matrices commuting with the action of H as CH-module
on the standard module. In particular, the Bose-Mesner algebra
B is contained in Endg(V). The Terwilliger algebra is also
contained in the centralizer algebra of a certain group.

Given a base vertex x € X and a subgroup H of the automorph-
ism group S, we will soon see that the Terwilliger algebra T, (S) is
contained in the centralizer algebra Endy (V'), where H, is a

stabilizer of x € X in H. Similar to the case of the Bose-Mesner
algebra, it is not guaranteed that T, (S) is equal to one of these
centralizer algebras Endy (V'), and to the best of our knowledge,
there are no known conditions for this to be true in the literature.

Given a digraph I' with adjacency matrix A, the automorphism
group Aut(T") of T consists of permutations of the vertices of I
that preserve the arcs and the nonarcs. It is not hard to see that
by viewing g € Aut(I') as a permutation matrix F,, we have
P,AP;' = A. Consequently,

Aut(T') = {P : P is a permutation matrix and PA = AP}.

As Aut(S) is the intersection of the automorphism groups of all
the digraphs in the scheme, we have

Aut(S) = {PIP is a permutation matrix and PA; = A;P
forall 0 <i <dj}.

@

Therefore, we obtain a natural matrix representation of the
action of Aut(S) on V. That is, we may view the action of any
H < Aut(S) on V as multiplication by a permutation matrix.
The following observation immediately follows.

Lemma 2.1. Let (X, S) be an association scheme and let B be
its Bose-Mesner algebra. For any H < Aut(S), we have that

Before proving Lemma 2.2, we need to determine how the
elements of Aut(S) act on matrices. From what we have seen
before, for any g € Aut(S) and v € V, g-v = F,v, where P, is
the permutation matrix of g. For x € X, the entry of F,v cor-
responding to the vertex x is

(BV) = D) By(x,»)vy = By(x, 07 (X))Vo1(x) = Voria).
yex

For any 0 <i <d, we now have that

(BA)y = 2 B, Az, y)

ZEX

1 if there exist z such that o (z)

- =x and (z,y) € S,
0 otherwise.

Similarly, we have

2 Ak, )Pz, y)

zZ€X

(AlP\'g)xy

1 if there exist z such that o (y)

=z and (x,z) € S;
0 otherwise.

Lemma 2.2. Let (X,S) be an association scheme,
H < Aut(S), and x € X. Then, the Terwilliger algebra T.(S) is
contained in Endy (V).
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Proof. We can assume H = H,. It is clear that A; € Endy (V)
for any 0 <i <d, so it is enough to show E} = Ej(x) € Endy (V)
for 0 <i <d. Let P, be the permutation matrix corresponding to
heH.

We have

(PEY) =3 Pu(y. DEL2)
teX

= Pu(,2)Ef(z, 2)

B {1 if h(z) =y and (x,2) € S;,
0 otherwise.

Moreover,

(BiP) = 3 BN OPu(t,2)

tex
=E{(»,)Pn(y,2)
_ {1 if h(z) =y and (x,y) € S;,
~ 10 otherwise.

Using the fact that h € H <Aut(S), we have h(x,z) =
(h(x),h(z)) =(x,y) and so (x,z)€ S; if and only if
(x,y) € S;. We conclude that P,Ef(x) = E}(x)Py,. This shows
that T, (S) C Endy (V). a

We recall the following well-known fact.

Lemma 2.3. Let H be a subgroup of the automorphism group
Aut(S). Then, the dimension of the centralizer algebra Endy (V)
is equal to the number of orbitals of H acting on X.

Recall that the permutation character of a group action M on a
set Q is the character 7 : M — C such that 7z (m) is the number
of elements of Q fixed by the group element m € M. The per-
mutation character 7 is the character afforded by the permu-
tation representation M — GLq(C) such that m — B,, where
P, is the permutation matrix corresponding to m € M. Since 7
is a sum of irreducible characters, there exists a nonnegative
number m, such that

T= ) (mxx.
X€E€Irr(M)

Given H < Aut(S), the centralizer algebra Endy(V) is semi-
simple. Its Wedderburn decomposition can be obtained from
the multiplicity of the irreducible characters in the permutation
character of the action of H as a permutation group.

Lemma 2.4 (Sagan [22, Theorem 1.7.9]). Let H < Aut(S)
and 7 its permutation character. Then, we have that

Endy(V)= @ My, (C).

X€EIrr(H)
2.2 | The Switching Basis of the Terwilliger
Algebra

Fix a vertex x € X and consider the Terwilliger algebra
T = T, (S). For any 0 <i <d, we define

xS;={ze X:(x,z) € S;}. )

For any 0 <i <d, we let Ef = Ef(x). The Terwilliger algebra
T admits a basis that is obtained by taking the so-called
switching products. In this section, we describe in detail how
to obtain such a basis.

Bannai and Munemasa [4] defined the subspace

Ty = Spanc{EfA;Ef : 0 <i,j, k <d}

of the Terwilliger algebra T. We will refer to the
EfAEY's as being the switching products of length 1.
Whenever T, = T, then we say that group G is triply regular.
If (X,S) is the conjugacy class scheme of a group G,
then we say that G is triply transitive whenever
Tp = T (S) = Endg(V), where G acts on itself by conjugation.
In this case, it is clear that if G is triply transitive, then it is
triply regular.

It is also not hard to see that if Tj is an algebra, then it must
be equal to T, and thus the group G is triply regular. In fact,
T is the smallest algebra containing Ty, that is, T = (Tp). If Ty
is not closed under matrix multiplication, then we define
the subspace

T, = Span{EfA;EXAEy, : 0 <i,j, k, 1, m <d}

spanned by-products of two basis elements of Ty; that is, T is the
span of the nonzero switching products of length 2. If T is not
an algebra, then define the subspace T, spanned by three basis
elements of Ty. In general, if T,_; is not an algebra for ¢ >1,
then we define the subspace

¢
T, = Spanc{n (E:Aj[ E}‘;) 10 <iy,j,, ky <d foru

t=0

e{o,1,.., €}}

spanned by switching products of length ¢. As the
Terwilliger algebra T is a finite-dimensional algebra,
the chain of subspaces (T;);»o eventually contains all the
possible products of elements of Ty. Hence, there will be a
least index ¢ >0 for which T, = T.;;. In this case, T. is a
subspace that is closed under multiplication and, therefore,
is an algebra. Consequently, T. = (Tp) = T. We state this
result as follows.

Lemma 2.5. The Terwilliger algebra is equal to T,, where c is
the smallest positive integer for which T, = T.41.

We will refer to a basis of T' consisting of products of elements
of Ty of the form (EfA;Ef)o<ijk<a as a switching basis of T.
Moreover, the smallest index for which this chain of subspaces
becomes stationary is the switching width of the Terwilliger
algebra.
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2.3 | The Representation Theory of the
Symmetric Group

We briefly recall the representation theory of the symmetric
group Sym(n) and the group Sym(n) X C,.

Recall that for any n > 2, a partition of the integer n is a non-
increasing sequence (4, A, ..., Ax) of positive integers summing to
n.If A = (4, A, ..., A) is a partition of n, then we write A-n. The
conjugacy classes and the irreducible characters of the symmetric
group Sym(n) are both indexed by partitions of the integer n.

Given a permutation o € Sym(n), the cycle type of o is the
sequence consisting of the length of each cycle, in the disjoint
cycle decomposition of o, arranged in a nonincreasing order.
Since the conjugacy classes of Sym(n) are determined by their
cycle type, there is a one-to-one correspondence between the
conjugacy classes of Sym(n) and the partitions of n. Due to this
correspondence, we adopt the following notation.

Notation. For any n >3, we will denote the adjacency
matrices in the conjugacy class scheme of Sym(n) by A,, for
ubn. Similarly, we denote the idempotents of the Terwilliger
algebra by E%, for utn.

It is also well known that the irreducible representations of
Sym(n) are indexed by partitions of n. Given Akn, the
irreducible CSym(n)-module corresponding to the partition
AFn is the Specht module S*. We will denote the character
corresponding to S* by y*, for An. For more details on the
representation theory of Sym(n), we redirect the reader to
Reference [22]. For any permutation 1, uk-n and a permutation
o € Sym(n) with cycle type u, we define

Xy =x*(0) and f*:= x*(id).

The degree f* of the character y*, for AFn, can be computed
using the Hook Length Formula [22]. Moreover, the character
value ){f‘, for A, utn, can be computed using the Murnaghan-

Nakayama rule [22].

Now, we turn our attention to Sym(n) x C,, where C, = {1, —1}
is a multiplicative group of order 2. For any An, two elements
(0,1) and (¢', ") of Sym(n) x C, are conjugate if there exists an
element (7,j) € Sym(n) x C, such that

(0", i) =(1,j)(o, )(7,j)!
= (tot7,jij ™)
= (rot7}, i),

which implies thati’ = i, and ¢ and ¢’ are conjugate in Sym(n).
The conjugacy classes of Sym(n) X C, can be indexed by the
signed partitions AT := [4, 1] and 1~ := [4, —1], where Atn, such
that the conjugacy class corresponding to A* is

{(g,1) : 0 € Sym(n) has cycle type 1},

and the one corresponding to A~ is

{(o, —1) : 0 € Sym(n) has cycle type 1}.

The irreducible characters of Sym(n) x C, can be determined
using the signed partitions. To see this, define ¢ : C, - C
such that ¢(—1) = —1. Then, the irreducible characters of
Sym(n) x C, are of the form y* ® ¢. Since the trivial char-
acter of C, is ¢, we may define

XM= ®¢? and xF =x'@¢

for Akn.

3 | The Terwilliger Algebra of Conjugacy Class
Schemes

Let G be a finite group with identity element e. For
any g € G, we define g to be the conjugacy class of G
containing g. Let {g, = e, g, ..., g;} be a set of representatives
of the distinct conjugacy classes of G. The conjugacy class
scheme of G is the association scheme (G,S) where
S ={S0, S, ..., Sg}, and S; = {(x, VEGXG:xye giG}, for
0 <i <d. We note that1S; = gl.G for all 0 <i <d. Note that for
the conjugacy class scheme of a group G, the standard
module V' can be viewed as the group algebra CG.

3.1 | The Automorphism Group
As mentioned before, the digraphs in the conjugacy class
schemes are Cayley digraphs on G, whose connection sets are

the conjugacy classes.

For any g € G, define the permutations 4g : G = G,p, : G > G,
and ag : G — G such that for any x € G

/1g (x) = gx,
Py (X) = xg~,
ag(x) = gxg~L.

Define the groups

LG:{Ag -8 € G}s
RGZ{Pg :g €GY
Inn(G) ={a, : g € G}.

The groups Lg, Rg, and Inn(G) are, respectively, the left-regular
representation, the right-regular representation, and the group
of inner automorphisms of G.

Let X; = Cay(G, gf). By a well-known result of Sabidussi, we
know that Ls < Aut(X;) for any 0 <i <d. In particular, Aut(S)
acts transitively on X in this case. For the particular case of the
conjugacy class scheme, we also claim that Rg < Aut(X;) for
any 0 <i <d. To see this, take two vertices x,y € G and
g € G. Then, by definition, we have (x,y) ER; & x"y € gt.G.
Moreover,
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x7ly =g lgx g lg = g Mg ™) (ygDg € °.

Consequently, we must have (xg~))"!(yg™?) € g¢, which implies
(p{g (x), ,og( ¥)) € S;. We conclude from this that

Rg < Aut(S). ©)

Now, define the map ¢ : G - G such that ¢(x) = x7! for
any x € G. If every conjugacy class of G is closed under
inversion, then it is not hard to see that ¢ € Aut(S),
and in fact, K = (Lg, Rg) X{p) < Aut(S). This is, for instance,
the case for the symmetric group. Note that (Lg, Rg) =
(Lg X Rg)/(Lc N Rg), and so Lg X R need not be a subgroup
of the automorphism group of the scheme. An example
where Lg X R¢ is not a subgroup of the full automorphism
group is when Z(G) is nontrivial. For any g € G, we have
ag = Agpg fixes the vertex 1 € G. Moreover, the stabilizer of

1 € G in the subgroup K = (Lg, Rg) X{p) is
K; = (Inn(G), @) = Inn(G) X(p). 4)

Remark 3.1. In Lemma 2.2, if T € Endy(G), then H need
not be a subgroup of Aut(S). If the action of G by
conjugation embeds into Aut(S), then we must have
G = Inn(G), or equivalently, Z(G) is trivial. Therefore, if
Z(G) is nontrivial, then G % Aut(S) acts by conjugation,
whereas T C Endg(V).

In the particular case of the symmetric group Sym(n), we have
the following result.

Theorem 3.2 (Farahat [23, Theorem 2.2]). The full
automorphism group of the conjugacy class scheme of Sym(n) is

H= (LSym(n) X RSYm("))N<¢>:
and the stabilizer of the identity permutation is equal to

Inn(Sym(n))X({p).

We note that Inn(Sym(n))X (@) = Inn(Sym(n)) X (@), since
conjugation by an element and inversion commute in
Aut(S).

3.2 | Bounds on the Dimension of T

The next result follows from the fact that Ty C T C Endg(V),
where G acts on itself by conjugation. See Reference [4] for the
proof.

Proposition 3.3. We have that

dim(Ty) = ‘{(i, Jk P # 0}‘ <dimT < dimEndg(V)
IGI 3

3.3 | The Centralizer Algebra

As we saw in Lemmas 2.3 and 2.4, certain properties of the
centralizer of a group H < Aut(S) depend entirely on the action
of H. We give some particular examples of the conjugacy class
scheme. By noting that Endiyng)(V) = Endg(V) where G acts
by conjugation on itself, we prove the following.

Lemma 3.4. Recall that the conjugacy classes of G are
gOG =1°=1{1}, gIG, v gg. Consider the group G acting on itself
by conjugation. Then, we have

Endg(V) = Endpmn@)(V) = & My, (O,

x€lrr(G)

where

d
dy = ZX(gi)
i=0

is the row sum corresponding to the irreducible character y in the
character table.

Proof. Let 7 be the permutation character of G acting on itself
by conjugation. By Lemma 2.4, we have

dy =m0 =, )
d

1
= Eizo ﬂ(g,-)){ (gi)

1 04
= Eigolcc (&)'X(&)

d
= Z )((gi)-

i=0

g

g’

This completes the proof. O

Remark 3.5. An immediate consequence of Lemma 3.4 is
that the row sums of the character table of any given group are
nonnegative. For the symmetric group Sym(n), Frumkin [24]
proved that the row sums of the character table are positive for
any n > 3. An open problem posed by Stanley [25] asks for a
combinatorial proof for the nonnegativity of the row sums of
the character table of Sym(n).

3.4 | The Centrally Primitive Idempotents

Given a semisimple algebra .4, we let CPI(A) be the set of all
centrally primitive idempotents of A.

For any nonempty set X and x,y € X, the matrix &£,y is
defined to be the matrix indexed in its rows and columns by X,
with the property that the (u,v)-entry of &£y, is 1 if
(u,v) = (x,y), and zero otherwise. Let H be a finite group
acting on the set X, let V' = CX, and let 7 be the corresponding
permutation character. If y € Irr(H) is such that (z, ) # 0,
then the primitive idempotent giving rise to the Wedderburn
component of Endy (V) is
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€ = & Z X(h)Mh7 where M), = Z g(x,xh)'
[HI heH xeX

Now, when we take H = Aut(S) to be the automorphism group
of the conjugacy class scheme of the finite group G, since
T = Endy(V) is the centralizer algebra for the image of a rep-
resentation of the group algebra CH,, it comes with a natural
formula for its centrally primitive idempotents: if R is any
representation of CH,, let

PR= 2 MuX
x€lrr(He)

be the decomposition of pg in terms of the irreducible charac-
ters of H,. Then for each y € Irr(H,), the image under R of the
centrally primitive idempotent

_x@ _
& = \H,J hgle}((h Hh

will be 0 when m, = 0 and a centrally primitive idempotent
of R(CH,) when m, > 0. By a double centralizer argument,
these are also the centrally primitive idempotents of T,
and the dimension of the simple algebra TR (ey) is mi Since
the Terwilliger algebra T is a semisimple unital subalgebra of

T, there is a relationship between its centrally primitive
idempotents and those of T.

Lemma 3.6. Suppose B is a semisimple unital subalgebra of
the semisimple algebra A. Let CPI(A) = {ey, ..., e,}. For each

e; € CPI(A), we have the following possibilities.

i. Ife; € B, and e; is primitive in Z (B), then e; € CPI(B) and
Be; is a simple subalgebra of the simple algebra Ae;.

ii. If e¢€ B, and e is not primitive in Z(B), then
e =ej; +--+ e fore}; € CPL(B) with k > 2. In this case
Y5, dim(Be};) = dim(Be;) < dimAe;.

iii. Ife; & B, then there is an e’ € CPI(B) such that e;e’ # 0.
For any such ¢, Be' ~ Be'e; C Ae;.

Furthermore, if F={e;€ CPI(A):¢ & B} and K=
{e; € CPI(B) : ¢} & Z(A)}, then %, pe; = X, ek So,
Lo exdim(Bey) < %, cpdim(Aey).

Proof.
i. Lete; € CPI(A).Ife; € B, thene; € Z(A) N B C Z(B). If
e; is primitive in Z () then e; € CPI(B).

ii. Lete; € CPI(A), and suppose ¢; € B. Asin (i), e; € Z (B).
If e; not primitive in Z(B), it will be a sum of k >2
idempotents in CPI(3), which are necessarily not central
in A, and Be; the direct sum of the simple components of
B that they determine.

iii. Let e¢; € CPI(A). Suppose ¢; ¢ 5. Since the sum of the
elements of CPI(B) is 1, there is at least one
e’ € CPI(B) for which eje’ # 0. For this e’, the two-
sided ideal Ae’A is equal to EBjAej, as e; runs over
C ={ej € CPI(A) : ¢je’ # 0}. It follows that f= Zejecej

is the identity of Ae’' A, and multiplication by f is the
projection map from A to Ae'A.

Now, the simple algebra Be’ has identity e’, and embeds into
Ae’ A. This embedding is unital if and only ife’ = f. In this case,

< ®BjEcBej <€ ®EjEC Aej’

Be' = B[Z €j

eeC

so Be' embeds diagonally in @,ccBe, with Be' ~ Be. If
e’ # f, then

Be' = Be'f C Bf = @gccBe; C Beier Ae;.

Since Be' is simple and e’e; # 0, we have Be' ~ Be'e;, which
embeds into Ae;.

In general, we can sort the idempotents in CPI(A) so that

deg=1— ) e€DB,

GEB exeB

and hence this sum will be an idempotent in Z (53). Therefore, it
is equal to the sum of the elements of CPI(13) that did not occur
in parts (i) and (ii). These are the elements of CPI(53) that are
not elements of Z(A). Since Be C Ae for any idempotent
e € Z(A), our dimension assertion follows. O

Lemma 3.6 will be particularly useful when dim(T) is close to
dim(T), since it forces the irreducible representations of the
largest dimension to match.

Corollary 3.7. If dim(T) — dim(T) is less than m} —
(my — })2, for some e, € CPI(T), then we wmust have
Te, = Te,.

4 | Revisiting the Terwilliger Algebra of Sym (n)
for3<n <6

Let n >3, and consider the symmetric group Sym(n). For any
ub-n, let C, be the conjugacy class whose elements have cycle
type u. The character table of the conjugacy class scheme of
the group Sym(n) is the central character normalization of the
usual character table of the group. That is, if C is the character
table of Sym(n), then for any A, utnf, the (4, u)-entry of C is Xfr
If P is the character table of the conjugacy class scheme of
Xh Gl

i .

Sym(n), then the (4, w)-entry of P, for 4, utn, is equal to

N . g,
Moreover, the multiplicity of the eigenvalue X“fii" is (f*)2.

Recall that the full automorphism group of the conjugacy class
scheme of Sym(n) is the group H given in Theorem 3.2. The
stabilizer of the identity element of Sym(n) is denoted by H,.
For every n >3, the block dimension decomposition of
T = Endp, (V) is the table which is indexed in its rows and
columns by partitions of n, and whose entries are the dimen-
sions of the subspaces of the form E}TE}, for A,utn.
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A consequence of Lemma 2.3 is that the subspace EZTEj, for
A, ukn, has a dimension equal to the number of orbitals of H,,
with representatives belonging to C, X G;.

Similarly, we define the block dimension decomposition of T
and T; for i >0, in the same manner. However, the dimensions
cannot be computed using the orbitals of H,, the same as in the
case of T.

41 | The Case Whenn =3

Let X3 be the conjugacy class scheme of Sym(3). The character
table of Sym(3) is given in Table 1.

Let T be the Terwilliger algebra of X;, H, its automorphism
group, T = Endgym(s) (V) where Sym(3) acts by conjugation, and
T = Endg,(V), where H, is the stabilizer of the identity ele-
ment. For this case, we have T = T. Further, dim(T) = 11, and
T = T. It is not hard to show that dim(7y) = 11 by counting the
nonzero intersection numbers of the association scheme. Con-
sequently, the group Sym(3) is triply transitive. Moreover, by
Lemma 2.4, we know that the Wedderburn decomposition is
determined by the permutation character of H; = Sym(3) X C,
in its action on Sym(3). The permutation character is given by

Py = BB 4 A1 g P
Therefore, the Wedderburn decomposition is given by
T=M(C)eo CeC.

The dimensions of the subspaces EZTE*, for u, AF3, are given
in Table 2.

4.2 | The Case When n =4

Now consider the symmetric group Sym(4) and let X4 be its
conjugacy class scheme. Define H = Aut(X,), and recall that
H, = Sym(4) X C,. Set T = Endg,(V), where V = CSym(4) is

TABLE 1 | Character table of Sym(3).

Sym(3) [¥] [2,1] [3]
(3] 1 1 1
(2, 1] 2 0 -1
[B] 1 -1 1

TABLE 2 | Block dimension decomposition of the Terwilliger
algebra T for Sym(3).

TABLE 3 | Character table of Sym(4).

Sym (4) 1] [2,7] [2%] [3,1] [4]
[4] 1 1 1 1 1
[3,1] 3 1 -1 0 -1
[22] 2 0 2 -1 0
[2, 12] 3 -1 -1 0 1
[14] 1 -1 1 1 -1

the standard module. The character table of Sym(4) is given in
Table 3.

The group Sym(4) is not triply regular, however, in the fol-
lowing theorem, we will see that T = T still holds.

Theorem 4.1. The following statements hold for the
Terwilliger algebra of the symmetric group Sym(4).

1. dim(T) = 42,dim(T) =43, T=T =T.
2. T=Ms;(C)® M (C) ® M;(C) & M(C) & C.

3. T has five irreducible modules of dimensions 5 (primary), 2,
3, 2, and 1, respectively. Every irreducible T-module is thin.

Proof.

1. By counting the number of nonzero intersection numbers,
we deduce that dim(T;) = 42. However, Ef; /o Ef3 11 is not
closed under matrix multiplication, and thus not a sub-
algebra. Consequently, oy CT.

By Lemma 3.4, the dimensions of the Wedderburn
components of the centralizer algebra T, of Sym(4)
acting by conjugation, are the row sums of the char-
acter table of Sym(4). Hence, they are 5,2, 3, 2, and 1.
We deduce that dim(T) = 5% + 22 + 32 + 22 + 12 = 43,
Since T c T and ToCT, it follows from the fact that
dim(T) — dim(T)) =1 that T =T = T.

2. Similar to the case of Sym(3), since T = T, we can
easily determine the Wedderburn decomposition of
T using Lemma 2.4. Again, let py be the permutation
character of the permutation group H. Then, py
decomposes as

le = 5){[4]Jr + ZX[3,1]+ + 3)([22]+ + 2)([2,12]7 +X[14]7,

so the irreducible characters of T have degree
5,2,3,2,1. Therefore, T = T and we obtain a formula
for the centrally primitive idempotents of T using the
one we have automatically for T. Consequently,
we have

T = Ms(C) & M,(C) & M;(C) @ M,(C) @ C.

T=T [¥] [2,1] 3]
[P] 1 1 1 3. Next, we show that every irreducible T-module is thin. Let
[2,1] 1 2 1 W= be an irreducible T-module with corresponding cen-
3] 1 1 5 trally primitive idempotent e i We denote the zero ideal
of T by (0). We note that
8 of 14 Journal of Combinatorial Designs, 2025
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TABLE 4 | Block dimension decomposition of the centralizer
algebra T for Sym(4).

T [1*] [2, ¥] [22] [3,1] [4]
[14] 1 1 1 1 1
(2, 7] 1 3 2 2
[22] 1 2 2 1 2
[3,1] 1 2 1 4 2
(4] 1 2 2 2 3
E;iexlej; # 0 E;W;= # (0), (6)

for any uk4. Moreover, we have

dimW= = dim| Y E%|Wee = 3 dim(E;WF). 7)
ut-4 ut-4

For the primary module W+ (of dimension 5), E jewa L#EO
for all u-4. We conclude that dimE};Wy+ = 1, for all u4,
which means that Wi+ is thin. For the irreducible T-module
W3 a7+, there are exactly two partitions ¢ and u’ of 4, such that
EzexmﬁE; # 0 and EZ/%MJ*EZ' # 0. These force W3 ;+ to be
thin. We argue in the same way for W, p-. For Wi+, we
compute the elements of the form E Ze}([zzﬁE 7> for uk4. Tt turns
out that there are exactly three of these elements that are not
equal to 0. Since dimW;+ = 3, we conclude that W+ is thin.
The irreducible T-module Wjy#- is clearly thin since its
dimension is 1. This completes the proof. |

In Table 4, we give the dimensions of the subspaces EjTE;’j,
for A, u-4.

43 | The Case Whenn =5

Consider the conjugacy class scheme Xs; of Sym(5). Let
H = Aut(X;), and recall that the stabilizer of the identity per-
mutation is H, = Sym(5) X C,. Again, let T be the Terwilliger
algebra of this scheme, and T = Endy,(V), where V is the
standard module.

Theorem 4.2. The following statements hold for the
Terwilliger algebra of the symmetric group Sym(5).

1. dim(T) = 124, dim(7;) = dim(T) = dim(T) = 155.

2. T=M(C) @& Ms(C) & Ms(C) & Ms5(C) & M3(C).
PCHMOC @C

3. T has eight irreducible modules, of dimensions 7, 5, 6, 5, 3,

1, 3, and 1, respectively. All but one (of dimension 5) are
thin.

Proof.
1. By counting the number of nonzero intersection numbers,
we know that dim(Ty) = 124. The subspace Ejy jTE[j ) is
not closed under multiplication, so it is, as in the case of

n = 4, not a subalgebra. Consequently, ToCT. Next, we
compute the block dimension decomposition of 7;, which
is given in Table 5. We highlight the increase in dimension
in each block by adding to dim(EJTyE}) the number

(dim(EYRE}) — dim(E; R E})), for A, ub-5.
In particular, dim(T;) = 155.

Next, we determine the dimension of T. We only need to
determine the permutation character of H; to determine
the dimension of the Wedderburn components. The per-
mutation character of Hj is given by

‘oHl = 7){[5]+ + 5}([4,1]+ + 6)([3’2]+ + 5}([3%12]7 + 3){[22,1]+ (8)
+X[22’l]_ + 3)([2,13]_ +X[15]_'

By Lemma 2.4, we have

dim(T) =72+ 52+ 62+ 524+ 32 +32 4+ 1+ 1=155.

Therefore, T, = T, and so the Terwilliger algebra T must

beequaltoT; = T.

2. Knowing that T = T, using Lemma 2.4 and Equation (8),
the Wedderburn decomposition of T is given by

T = M;(C) & Ms5(C) & Ms(C) & Ms5(C) & M;(C)
e Ce M©C @C.

3. Since T = T, we will consider the irreducible T-modules.
Consider the irreducible T-module W[5 12j-. Computing the
elements of the form E’;exlg,lerZ for uk5, there are at

least three that are equal to 0. Using the analog of
equivalence in (6) and (7) for Sym(5), and the fact that
dim (W3,21) = 5, we conclude that Wiz ¢ is not thin. We
use the same argument as Theorem 4.1(3) to show that the
remaining irreducible T-modules are thin. O

4.4 | The Case Whenn =6

Now, we consider the group Sym(6) with the conjugacy class
scheme X, and let H = Aut(X;) be its automorphism group. As
before, we let T be the Terwilliger algebra of Sym(6) and
T = Endy;,(V), where V is the standard module.

Theorem 4.3. The following statements hold for the
Terwilliger algebra of the symmetric group Sym(6).

1. dim(Ty) = 447, dim(%;) = dim(T) = 758 and dim(T) = 761.

2. The Wedderburn decomposition of T is

T=Mi(C)® M(C)®d Ms(C) & M,(C)
& M) M(C)d M;(C)
® Ms(C) ® My(C) & M(C) & Ms(C)
eCeo Co C.

3. The irreducible T-modules have dimensions 11 (primary),
15,9,9,8,8,7,6,4,3,3,1,1, and 1. The primary module,
along with the six irreducible T-modules of the smallest
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TABLE 5 | Block dimension decomposition of the subspace T; for Sym(5).
i [¥] [2, 7] [2%,1] [3,7] [3,2] [4,1] [5]
[7] 1 1 1 1 1 1 1
[2, P] 1 3 3 3 3 3 2
[2%,1] 1 3 4 3 3 3+1 3
[3, 2] 1 3 3 441 342 3+2 3+1
[3,2] 1 3 3 3+2 4+1 3+2 3+1
[4,1] 1 3 3+1 3+2 3+2 443 3+2
[5] 1 2 3 3+1 3+1 3+2 4 +4
TABLE 6 | Block dimension decomposition for the Terwilliger algebra T of Sym(6).
T [1°] [2, 1] [2%, 7] [2°] [3, 7] [3,2,1] [3] [4,7] [4,2] [5,1] [6]
[1] 1 1 1 1 1 1 1 1 1 1 1
[2, 14] 1 3 4 2 3 5 2 4 4 3 3
[22, 2] 1 4 6+ 2 4 4 4+4 4 5+ 3 5+ 3 4+3 4+ 4
[23] 1 2 4 3 2 3 3 4 4 3 5
[3, P] 1 3 4 2 5+1 5+4 4 442 442 5+3 442
[3,2,1] 1 5 44+ 4 3 5+4 6+ 13 442 5+ 8 5+ 8 5411 547
[3?] 1 2 4 3 4 442 5+1 4+ 2 442 5+3 5+4
[4, 2] 1 4 5+3 4 4 +2 5+8 4 +2 6+ 6 54+7 5+ 8 5+8
[4, 2] 1 4 543 4 4+2 5+8 4+2 547 6+ 6 5+ 8 5+38
[5,1] 1 3 542 3 5+3 5411 5+ 3 5+8 5+8 6+ 17 5+ 11
[6] 1 3 4+4 5 4+ 2 547 5+4 5+8 5+38 5411 6+ 13
d.imensions, ar:. thin, and the seven of the largest dimen- Pr = 11%[6]* + 8;([5"]+ + 5 4 15%[4,z]+
sions are not thin. gl 4yl sEF o R
+ 3)([32]+ + 7X[3’2’1]+ + 6yl3:211 +X[3,13]+
Proof.. . + BT 4 g2 4 121
1. Slmlla}r to the argument used f(')r Sym(S.), we start by +)([22’12]+ + 3}([2'14]+ +}([16]+-
counting the number of nonzero intersection numbers to ©)

compute the dimension of Ty. We have dim(Ty) = 447. The
subspace Ef5/ToE[5 ) is not closed under multiplication
(see Table 6), so we have TyCT. Next, we determine the
block dimension decomposition® of T, which is given in
Table 6.

Since T; is closed under left and right multiplication by
elements of Ty, it is a subalgebra of T, which implies that
T, = T. By summing the dimensions given in Table 6, we
have dim(T) = 758.

For T, as we have seen before, the dimension is equal
to the number of orbitals of the action of the point-
stabilizer H,. The block decomposition of T is given in
Table 7.

From Table 7, we deduce that dim(T) = 761.

Next, we determine the Wedderburn decomposition of T
Since TCT, we cannot use the same argument as before.
We can still obtain most of the Wedderburn components
from that of T using Corollary 3.7. The permutation
character for the action of H, on Sym(6) is given by

Denote by m, the multiplicity of the character y in (9). By
Corollary 3.7, since dim(T) — dim(T) = 3, any irreducible
character y in (9) such that mi — (my, — 1)*> > 3 givesrise
to a Wedderburn component of T of the same dimension
as the one in T. Clearly, any irreducible character in (9)
with m, > 3 yields such Wedderburn components. For the
remaining components, we only need to consider the
restrictions of the irreducible characters

AU PTG BPT (2 5 2APT gnd 1 (10)

There are 17 irreducible characters involved in (9), 11 of
which are also in T. As the dimension of Z(T) is 14, the 6
characters in (10) must produce the three additional
irreducible characters of T. The centrally primitive idem-
potents 6[5,1]_, é[4ylz]+,é[3,13]+, 5[23]_, 5[22‘12]+, and é[p]* of T do
not lie in T, so we can use Lemma 3.6(iii) to determine
their restrictions into T. The last three centrally primitive
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TABLE 7 | Block dimension decomposition for the centralizer algebra T of Sym(6).

T 1 21 221 21 B3P (321 (¥ 4Pl [42] [51] [6
[1°] 1 1 1 1 1 1 1 1 1 1 1
[2, 1*] 1 3 4 2 3 5 2 4 4 3 3
[22, 1] 1 4 8 4 4 8 4 8 8 7 8
[23] 1 2 4 3 2 3 3 4 4 3 5
[3, B] 1 3 4 2 6 9 4 6 6 8 6
[3,2,1] 1 5 8 3 9 20 6 13 13 16 12
(3] 1 2 4 3 4 6 6 6 6 8 9
[4, 1] 1 4 8 4 6 13 6 12 12 13 13
[4,2] 1 4 8 4 6 13 6 12 12 13 13
[5,1] 1 3 7 3 8 16 8 13 13 24 16
(6] 1 3 8 5 6 12 9 13 13 16 20
idempotents of T arise from the pairing of the centrally C Endgym(ny(V). For the same reason, the irreducible

primitive idempotents of T given by
(é[16]+, é[22,12]+), (él23J_’ 5[3’13]+), and (é[4,12]+, 515’1]—). (11)

The Wedderburn components obtained from pairing these
centrally primitive idempotents are of dimension equal to
dim (Téer) = 1, dim (Té»-) = 1, and dim (T 2+) = 1.
Consequently, the Wedderburn decomposition is

T=M1(C)® Mz(C)® Ms(C) @ My(C) d My(C)
@ MC)Dd M;(C)d M(C)d My(C) & M(C)
&MOC) e Cop Co C.

3. The primary module is clearly thin. The irreducible
T-modules arising from the centrally primitive
idempotents of T given in (11) are all one-
dimensional. Hence, they are all thin. The
remaining irreducible T-modules are restrictions of
irreducible T-modules. We can apply the same
argument as in Theorems 4.1 and 4.2 to determine
which irreducible T-modules are thin and which
ones are not. Hence, we omit the computation.

This completes the proof. m|

The fact that our H, C Sym(n) as a permutation group on V
implies a general fact about the pair of irreducible T-modules
corresponding to A+ and A~ for a fixed A-n.

Proposition 4.4. Let n > 3. For any partition A-n, the sum
of the dimensions of the T-modules corresponding to A* and A~
(including the case when one of these is the zero module) is equal
to the corresponding row sum d 4+ in the character table of

Sym(n).

Proof. Let V be the standard module. Since H, contains the
subgroup Sym(n) acting as inner automorphisms on the
group basis of V = CSym(n), we have that T = Endy,(V)

Endgsym(»)(V)-module corresponding to any A-n will restrict to
the sum of the T-modules corresponding to A* and A~, which are
either irreducible or zero. The proposition follows. O

By the result of Frumkin, we can conclude that at least one of
the two T-modules corresponding to A* and A~ is not zero. For
the partition [n], the T-module corresponding to [n]* always
restricts to the primary module of T, so its dimension is
p(n)=d - SO, the T-module corresponding to [n]~ is always
the zero module.

5 | Proof of Theorem 1.1

Consider the group Sym(7) with the conjugacy class scheme X,
and let H = Aut(X;) be its automorphism group. As before, we
let T be the Terwilliger algebra of Sym(7) and T = Endp,(V),
where V' is the standard module.

First, we consider the centralizer algebra T. The degrees of the
irreducible representations of the centralizer algebra T were
found by Bogaerts and Dukes. The decomposition of the per-
mutation character for the action of H, on Sym(7) is as follows:

px, = 1571 + 15x[0107 4 26x[321" 4 2y 5P
+ 1715 P14 16y 1431 4 143
+ 2207 g 1542007 4 4T 4 gy l4FT
+ SBT3yl
+ 20321 4 232 4 gyI32 T 4 532001
+ QBT 4 4y 3rT
+ QT 4 32T g 3y AT 7y 22T

4 Sy[2PT 4 T
(12)

We conclude from this decomposition that dim(7) = 4043.

Now, we explain the strategy of the proof of Theorem 1.1. As
explained in Lemma 2.5, to find the Terwilliger algebra, one just
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TABLE 8 | Dimension growth between T, and T5.

T [6,1] [7]
[6,1] 82+ 1 70 + 1
[7] 70 + 1 77

needs to find the smallest index for which the chain of subspaces
(T)iso is stationary. It is clear that we can do this by looking at the
block dimension decomposition of a subspace T;, and checking
whether some entries are different from the ones in T;_;.

Since the conjugacy classes of Sym(n) are determined by par-
titions of n, we let A,, for An, be the adjacency matrix of the
Cayley graph of Sym(n) with a connection set equal to the
conjugacy class corresponding to A.

First, we determine the dimension of Ty, by counting the
number of nonzero intersection numbers of X;. From this, we
have dim(T) = 1232, and the block Ef jhE[; ) is not closed
under multiplication, thus T, CT,.

Next, we determine the block dimension decomposition of T,
which is given in Table Al. From this, we know that
dim(T}) = 4036. However, T; is not equal to T since 82 =
dim(Ef 1/ REfs 1) < dim(Ef§ 1 Efs1) = 83, which implies that
T, CT. Since dim(T) = 4043, dim(T;) = 4036, and T, CTh
CT C T, there can only be small gaps between the dimensions of
E}LE}, and E;T E}, for any 4, ut-7. In fact, the only blocks where
these two dimensions differ are in the blocks corresponding to the
partitions [6, 1] and [7]. The part of the block dimension decom-
position of T; corresponding to these two blocks is given in Table 8.

Consequently, dim(T;) = 4039. Now, we claim that T, = Tz. By
contradiction, assume that T,C T, and let X € T3\ T5. Then, by
definition, we have

Ty = SpangZ

where

3
= {H ( j{AatE’[‘[) : Ay, oy, i, F7, for u € {0, 1, 2, 3}}.

t=0

Since X € T3\ T, any expression of X as a linear combination of
elements of ¥ must contain a scalar multiple of an element of
the form

3
[1(EiA«EL) € B\B

t=0

where 4, oy, u, 7, for u € {0, 1, 2, 3}, otherwise, X would be
contained in 1.

Given A, ay, u, 7, for u € {0, 1, 2, 3}, if

3
[ (it 1) = (Bite ) (Bich 1) (B35

(E3A«EL) € B\D,

then
(E3A« BL ) (BiAx By ) (BiAx By € BT,

otherwise (13) would belong to T;. Using Table 8, it is clear that
(4, u3) € {([6, 1], [6, 11), ([6, 11, [7]), ([7], [6, 11)}.

Now, we consider these three possibilities for (4, u5).

Assume that (4, u;) = ([6, 1], [6, 1]). Then, using the fact that
E,";o jl = Ef‘OEf'g,l] is nonzero if and only if 1, = [6, 1], it is clear
that Equation (13) becomes

(B3 A Bis) (B 1A B, ) (FiA= BL) (FiA By (14)

However, for all 1y, agt7, we have checked that any element of
the form (14) belongs to T>. The latter is a contradiction to the
element in (13) belonging to T3\ T5.

For the cases (A1, 4;) = (16, 1], [7]) and (4, uy) = ([71, [6, 1]),
we use a similar argument to get a contraction on the element
in (13) being in T\ T.

From these cases, we deduce the element X € T3\ T, does
not exist. We conclude that T, = Tz = T, and therefore,
dim(T) = 4039.

Finally, we determine the Wedderburn decomposition of T.
Similar to the case for Sym(6), a Wedderburn component of T
corresponding to irreducible characters in (12) with multiplicity
larger than 2 also determines a Wedderburn component of T.
Consequently, the remaining Wedderburn components of T
come from a combination of centrally primitive idempotents of
T corresponding to the following partitions

AISEI 4317 (4P 32217 angd 71" (15)

The centrally primitive idempotents éxl;—,,lzp, € 1437, and éxm_ of

x
T lie in T, whereas éx[4,13]+ and éx[g,zzr do not. By Lemma 3.6,
depending on whether they are central, éxlsﬂr, €, a3, and é}([ﬂ]—
are centrally primitive idempotents of T, or they decompose as
sums of centrally primitive idempotent of T. The idempotents
é}([5v12]+’ € a3, and éx“”’ correspond to irreducible T-modules of
dimensions 2,2, and 1, respectively. Therefore, their corre-
sponding Wedderburn components are M,(C), M,(C), and C,
respectively.

As the two centrally primitive idempotents é)([4'13]+ and éx[g,zzr of
T do not belong to T, we use Lemma 3.6(iii). When we do this,
we find that the sum e of ?x“,pp and %sz]— lies in T. Therefore,
Te embeds diagonally in Téx[ 4,13]+ (&) Té)({mz]_’ and this accounts
for the entire difference in dimensions between T and T.

So, this sum will be a centrally primitive idempotent of T whose
corresponding Wedderburn component is of dimension equal to
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dim (Téxlﬂzr) = dim (Téx|3'zz|*) =22 =4. We conclude that

the Wedderburn decomposition of T is

T=M;s(C) @ Ms(C)®d My(C) ® M(C) @ M;(C)
@ Mis(C) & M,(C) @ Mn(C)
® Ms(C)d MO & Mo(C) d Ms(C) ® Mi3(C)
© Mp(C)d MO & M(C) @ My(C)
@ My(C)® My(C) @ My(C) ® M:(C) @ Ms3(C)
@& M;C) e M;(C)e C.

Remark 5.1. As we did for the smaller symmetric groups,
we can determine the thin irreducible T-(and T-)modules.
In the case of Sym(7), all of the irreducible T-modules of
dimension <5 and the two 15-dimensional irreducible
T-modules corresponding to [7]* and [6, 1] turn out to be
thin, and all others are not thin.

6 | Conclusion

In this paper, we determined the Terwilliger algebra of the
conjugacy class association scheme of Sym(7). In particular,
we found its dimension and its Wedderburn decomposition.
We also revisited some of the known results for 3 <n <6 using
some newer methods.

The case for n > 8 is still open. However, we might be able to
tackle this problem by refining some of the methods in this
paper. Based on what we have seen in these small cases, it
seems that one of the blocks where the dimensions of T and
T differ is at the entry [n — 1,1] X [n — 1, 1]. If this obser-
vation holds for all n > 8, then this is enough to show that
TCT, and this would entirely disprove the conjecture of
Bogaerts and Dukes for all n >8. We make the following
conjecture.

Conjecture 6.1. For any n > 6, we have
dim(Ef*n_Ll]TEf;_m) < dim(Ef‘n_M]TEf‘n_M]).

In particular, TCT.
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Endnotes

! Again, we highlight the growth in dimension in each block by adding
to dim(EjLE}) the number (dim(EiRE}) — dim(EiRE})),
for A, ut6.
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Appendix A

Block Dimensions for Sym (7)
See Table Al.

Block dimension decomposition of 7; for Sym(7).

TABLE Al

[2,15] [2,2,13] [23,1] 3,14 [3,2,12] [3,22] 3%,1] [4, ] [4,2,1] [4,3] [5,12] [5,2] [6,1] [71

[1]

T

[7]

[2,P]

12

10 11 11 14

16

14

[22, 1]

10 14

10

14

11

[23,1]

11

11

11

[3.14

32 32 44 36

28

11 11 38 21 20 20

14

[3,2, 2]
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